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Abstract
In this paper, we study a class of sphere and torus correlation functions in
the WN minimal model. In particular, we show that a large class of exact sphere
three-point functions of WN primaries, derived using affine Toda theory, exhibit
large N factorization. This allows us to identify some fundamental particles
and their bound states in the holographic dual, including light states. We also
derive the torus two-point function of basic primaries, by directly constructing
the relevant conformal blocks. The result can then be analytically continued to
give the Lorentzian thermal two-point functions.
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1 Introduction
The AdS/CFT correspondence [1] is one of the most important insights that came out
of the study of string theory. While it is often said that both strings and the holographic
dimension emerge from the largeN and strong ’t Hooft coupling limit of a gauge theory,
there are really two separate dualities in play here. Firstly, a large N CFT, regardless
of whether the ’t Hooft coupling is weak or strong, is holographically dual to some
theory of gravity together with higher spin fields in AdS, whose coupling is controlled
by 1/N [2]. It often happens that, then, as a ’t Hooft coupling parameter varies from
weak to strong, the bulk theory interpolates between a higher spin gauge theory and
a string theory (where the AdS radius becomes finite or large in string units). The
duality as two separate stories: holography from large N , and the emergence of strings
out of bound states of higher spin fields, has become particularly evident in [4].
The holographic dualities between higher spin gauge theories in AdS and vector
model CFTs [2, 3, 14, 4] are a nice class of examples in that they avoid the complication
of the second story mentioned above.1 Both sides of the duality can be studied order
by order in the 1/N expansion. The AdS3/CFT2 version of this duality, proposed by
Gaberdiel and Gopakumar [14], relates a higher spin gauge theory coupled to scalar
matter fields in AdS3 [5] and the WN minimal model in two dimensions [12].
2 While it
was proposed in [14] that the bulk theory is Vasiliev’s system in AdS3, it was pointed
out in [22] and in [23] that Vasiliev’s system should be dual only perturbatively in
1See [6, 7, 8, 9, 10, 11] for recent nontrivial checks and progress toward deriving the duality with
vector models.
2For works leading up to this duality, and explorations on its consequences, see [15, 16, 17, 18, 19,
21, 20, 22, 23, 24, 25, 27].
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1/N to a subsector of the WN minimal model, while the full non-perturbative duality
requires adding new perturbative states in the bulk.3
One of the key observations of [14] is that the WN,k minimal model has a ’t Hooft-
like limit, where N is taken to be large while the “’t Hooft coupling” λ = N
k+N
is
held finite. The basic evidence is that the spectrum of operators organize into that of
“basic primaries”, which are dual to elementary particles in the bulk, and the composite
operators which are dual to bound states of elementary particles. It was not obvious,
however, that the correlation functions obey large N factorization, as for single trace
operators in large N gauge theories. This will be demonstrated in the current paper. In
particular, we will understand which operators are the fundamental particles, and which
ones are their bound states, by extracting such information from the 1/N expansion
of exact correlation functions in the WN minimal model.
Our main findings are summarized as follows.
1. We derive all sphere three point functions of primaries in the WN minimal
model of the following form: one of the primaries is labelled by a pair of SU(N)
representations (Λ+,Λ−), both of which are symmetric products of the fundamental (or
anti-fundamental) representation f (or f¯), and the other two primaries are completely
general.4 We see the explicit large N factorization in these three point functions. For
example, denote by φ the primary (f , 0) (on both left and right moving sector). The
large N factorization leads to the identification
(A, 0) ∼ 1√
2
φ2,
(S, 0) ∼ 1√
2∆(f ,0)
(φ∂∂¯φ− ∂φ∂¯φ),
(1.1)
where A and S are the anti-symmetric and symmetric tensor product representation of
f , and ∆(f ,0) = 1+λ is the scaling dimension of φ at large N . This large N factorization
is a simple check of the duality, in verifying that (A, 0) and (S, 0) are indeed bound
states of two elementary scalar particles in the bulk, and behave as two free particles
in the infinite N limit.
A less obvious example concerns the “light” primary (f , f), which we denote by ω.
Its scaling dimension ∆(f ,f) vanishes in the infinite N limit, and is given by ∆(f ,f) =
λ2/N at order 1/N . Two candidates for the lowest bound state of two ω’s are (A,A)
and (S, S), both of which have scaling dimension 2∆(f ,f) at order 1/N . We will find
3See [27] however for intriguing candidates for some new bulk states in higher spin gauge theories
in AdS3.
4The technique used in this paper allows us to go beyond this set using four point functions, but
we will not present those results here.
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that
(A,A) + (S, S)√
2
∼ 1√
2
ω2 (1.2)
is the bound state of two ω’s, while 1√
2
((A,A) − (S, S)) is a new elementary light
particle in the bulk. This shows that the elementary light particles in the bulk also
interact weakly in the large N limit.
A word of caution is that even in the infinite N limit, the space of states is not the
freely generated Fock space of single particle primary states and their descendants. As
observed in [23], for instance, the level (1, 1) descendant of ω, namely 1
∆(f,f)
∂∂¯ω, should
be identified with the the two-particle state (or “double trace operator”) φ φ˜, where
φ˜ is the other basic primary (0, f). We will see that this identification is consistent
with the large N factorization of composite operators made out of ω, φ, and φ˜. This
suggests that the Hilbert space at infinite N is a quotient of the freely generated Fock
space, with identifications such as 1
∆(f,f)
∂∂¯ω ∼ φφ˜. This peculiar feature is closed tied
to the presence of light states. The large N factorization in the WN minimal model
holds only up to such identifications.
2. We compute the sphere four-point function of (f , 0), (¯f , 0), with a general primary
(Λ+,Λ−) and its charge conjugate, which generalizes the four-point functions considered
in [23]. This result is not new and is in fact contained in [29]. In [29], the sphere four-
point function was obtained by solving the differential equation due to a null state,
which we will review. The method gives the answer for general N , but is not easy
to generalize to correlators on a Riemann surface of nonzero genus. We will then
consider an alternative method, using contour integrals of screening charges. This
second method requires knowing which contours correspond to which conformal blocks;
they will be analyzed in detail through the investigation of monodromies. While this
approach appears rather cumbersome due to the complexity of the contour integral,
it allows for a straightforward generalization to the computation of torus two-point
functions.5
3. We derive a contour integral expression for the torus two-point function of the
basic primaries (f , 0) and (¯f , 0). Since the result is exact, it can be analytically contin-
ued to Lorentzian signature, yielding the Lorentzian thermal two-point function on the
circle. The latter is a useful probe of the dual bulk geometry. In a theory of ordinary
gravity in AdS3, at temperatures above the Hawking-Page transition, the dominant
phase is the BTZ black hole. The thermal two-point function on the boundary should
see the thermalization of the black hole reflected in an exponential decay behavior of
5Our method is a direct generalization of [31], where the torus two-point function in the Virasoro
minimal model was derived.
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the correlator, for a very long time before Poincare´ recurrence kicks in.6 While the
BTZ black hole clearly exists in any higher spin gravity theory in AdS3, it is unclear
whether the BTZ black hole will be the dominant phase at any temperature at all, as
there can be competing higher spin black hole solutions (see [24, 25, 27]). Nonetheless,
the question of whether thermalization occurs at the level of two-point functions can
be answered definitively using the exact torus two-point function. So far, it appears
to be difficult to extract the large N behavior from our exact contour integral expres-
sion, which we leave to future work. In the N = 2 case, i.e. Virasoro minimal model,
where the contour integral involved is a relatively simple one, we computed numerically
certain thermal two-point functions at integer values of times, as a demonstration in
principle.
In section 2, we will summarize the definitions and convention for WN minimal
model which will be used throughout this paper. Section 3 describes the strategy of
the computation, namely using the Coulomb gas formalism. In section 4, 5, 6 we
present a class of sphere three, four-point, and torus two-point functions, make various
checks of the result, and discuss the implications. We conclude in section 7.
2 Definitions and conventions for the WN minimal
model
The WN minimal model can be realized as the coset model
SU(N)k ⊕ SU(N)1
SU(N)k+1
. (2.1)
A priori, through the coset construction, the WN primaries are labeled by a triple of
representations of SU(N) current algebra (ρ, µ; ν) (at level k, 1, and k+1 respectively.)
By a slight abuse of notation, we will also denote by ρ, µ, ν the corresponding highest
weight vectors. The three representations are subject to the constraint that ρ+ µ− ν
lies in the root lattice of SU(N). Each representation is subject to the condition that
the sum of N − 1 Dynkin labels is less than or equal to the affine level. This condition
determines µ uniquely, given ρ and ν. We will therefore label the primaries by the pair
of the representations (ρ; ν) ≡ (Λ+,Λ−) from now on.
6In the WN minimal model, all scaling dimensions are integer multiples of
1
N(N+k)(N+k+1) ∼ λ
2
N3
,
and hence Poincare´ recurrence must already occur at no later than time scale N3. In fact, we will see
that the Poincare recurrence in the two-point function under consideration occurs at an even shorter
time N(k + N). But if the BTZ black hole dominates the bulk in some temperature of order 1, we
should expect to see thermalization at time scale of order 1 (and ≪ N2).
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Let αi, i = 1, · · · , N − 1, be the simple roots of SU(N). They have inner product
αi · αj = Aij, where Aij is the Cartan matrix. In particular, α2i = 2. Let ωi, i =
1, · · · , N − 1, be the fundamental weights. They obey ωi · αj = δij . We write F ij =
ωi · ωj = (A−1)ij. The highest weight λ of some representation Λ takes the form
λ =
N−1∑
i=1
λiω
i, (2.2)
where (λ1, · · · , λN−1) ∈ ZN−1≥0 are the Dynkin labels.
The Weyl vector is
ρ =
N−1∑
i=1
ωi, (2.3)
i.e. it has Dynkin label (1, 1, · · · , 1).
Given a root α, the simple Weyl reflection with respect to α acts on a weight λ by
sα(λ) = λ− (α · λ)α. (2.4)
A general Weyl group element w can be written as w = sα1 · · · sαm . We will use the
notation w(λ) for the Weyl reflection of λ by w. The shifted Weyl reflection w · λ is
defined by
w · λ = w(λ+ ρ)− ρ. (2.5)
Now let us discuss theWN character of a primary (Λ+,Λ−). Throughout this paper,
we use the notation p = k +N and p′ = k +N + 1. The central charge is
c = N − 1− N(N
2 − 1)
pp′
. (2.6)
Note that ρ2 = 1
12
N(N2 − 1). The conformal dimension of the primary is
h(Λ+,Λ−) =
1
2pp′
(|p′Λ+ − pΛ− + ρ|2 − ρ2) . (2.7)
The character of (Λ+,Λ−) can be written as a sum over affine Weyl group elements,
χN(Λ+,Λ−)(τ) =
1
η(τ)N−1
∑
wˆ∈Ŵ
ǫ(wˆ)q
1
2pp′
|p′wˆ(Λ++ρ)−p(Λ−+ρ)|2 , (2.8)
where Ŵ is given by the semi-direct product of W with translations by p times the
root lattice, namely an element wˆ ∈ Ŵ acts on a weight vector λ by
wˆ(λ) = w(λ) + pniαi, w ∈ W, ni ∈ Z. (2.9)
6
ǫ(wˆ) = ǫ(w) is the signature of wˆ.
Let us illustrate this formula with the N = 2 example, i.e. Virasoro minimal
model. Write Λ+ = (r − 1)ω1, 1 ≤ r ≤ p − 1 = k + 1, and Λ− = (s − 1)ω1,
1 ≤ s ≤ p = k + 2. The Weyl group Z2 contains the reflection w(λ) = −λ. We have
wˆ(Λ+ + ρ) = −rω1 + pnα1 = (−r + 2pn)ω1. So
hr,s =
(p′r − ps)2 − 1
4pp′
, (2.10)
and
χr,s(τ) =
1
η(τ)
∑
n∈Z
[
q
1
4pp′
(p′(r+2pn)−ps)2 − q 14pp′ (p′(−r+2pn)−ps)2
]
=
q
1
4pp′
(p′r−ps)2
η(τ)
∑
n∈Z
[
qn(pp
′n+p′r−ps) − q(pn−r)(p′n−s)
] (2.11)
The term corresponding to (w, n = 0) comes from the null state at level rs.
3 Coulomb gas formalism
The idea of Coulomb gas formalism is to represent operators in the WN minimal model
by vertex operators constructed out of N − 1 free bosons. This allows for the con-
struction of all WN currents as well as the primaries of the correct scaling dimensions.
However, the free boson correlators by themselves do not obey the correct fusion rules of
the WN minimal model. To obtain the correct correlation functions, suitable screening
operators must be inserted, and integrated along contours in a conformally invariant
manner. More precisely, one obtains in this way the WN conformal blocks. One then
needs to sums up the conformal blocks with coefficients determined by monodromies,
etc. This strategy is explained below.
3.1 Rewriting free boson characters
Let us begin with the following character of N − 1 free bosons, twisted by an SU(N)
weight vector λ,
K˜Nλ (τ) =
1
η(τ)N−1
∑
α∈Λroot
q
1
2pp′
|λ+pp′α|2
=
1
η(τ)N−1
∑
(n1,··· ,nN−1)∈ZN−1
q
1
2pp′
|λ+pp′njαj |2 .
(3.1)
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Define the lattice
Γx =
√
xΛroot, (3.2)
and its dual lattice
Γ∗x =
1√
x
Λweight. (3.3)
We may then write
KNu (τ) =
1
η(τ)N−1
∑
n∈Γpp′
q
1
2
(u+n)2
(3.4)
for u ∈ Γ∗pp′. In fact, u may be defined in the quotient of lattices,
u ∈ Γ∗pp′/Γpp′. (3.5)
Note that the number of elements in Γ∗pp′/Γpp′ is
det(pp′Aij) = N(pp′)N−1. (3.6)
It is useful to consider the decomposition
u = λ+ λ′, λ ∈ Γ∗p
p′
/Γpp′, λ
′ ∈ Γ∗p′
p
/Γpp′. (3.7)
This decomposition is well defined up to the identification
(λ, λ′) ∼ (λ+ t, λ′ − t), t ∈ Γ∗1
pp′
/Γpp′ = (Γ
∗
p
p′
∩ Γ∗p′
p
)/Γpp′. (3.8)
Consider the action of a simple Weyl reflection on v ∈ Γ∗x,
wα(v) = v − (α · v)α, (3.9)
where α is a root. Since (α · v)α ∈ x− 12Λroot = Γ 1
x
, the Weyl action is trivial on Γ∗x/Γ 1
x
.
In particular, the Weyl action on u is trivial on Γ∗1
pp′
/Γpp′, and is well defined on λ and
λ′ separately. Therefore, one can define the double Weyl action by W ×W on λ and
λ′ independently. This will be important in describing WN primaries.
Now consider N−1 free bosons compactified on the Narain lattice ΓN−1,N−1, which
is even, self-dual, of signature (N − 1, N − 1), defined as7
ΓN−1,N−1 = {(v, v¯)|v, v¯ ∈ Γ∗pp′, v − v¯ ∈ Γpp′}. (3.11)
The free boson partition function can be decomposed in terms of the characters as
ZbosΓN−1,N−1(τ, τ¯) =
∑
u∈Γ∗
pp′
/Γpp′
|KNu (τ)|2. (3.12)
7To see that ΓN−1,N−1 is even, note that
(v, v¯) · (v, v¯) = v2 − v¯2 = v2 − (v + n)2 = −2v · n− n2, (3.10)
where n ∈ Γpp′ , and the RHS is an even integer. To see that it is self-dual, take a basis (vi, vi) and
(vi, 0), i = 1, · · · , N − 1, where vi ∈ Γpp′ and vi ∈ Γ∗pp′ are dual basis for the respective lattices. This
basis is unimodular.
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3.2 WN characters and partition function
Consider a WN primary (Λ+,Λ−). Using the decomposition u = λ + λ′ described in
the previous subsection, we may rewrite the WN character
χN(Λ+,Λ−)(τ) =
1
η(τ)N−1
∑
wˆ∈Ŵ
ǫ(wˆ)q
1
2pp′
|p′wˆ(Λ++ρ)−p(Λ−+ρ)|2
(3.13)
in the form χNλ+λ′(τ), where
λ =
√
p′
p
(Λ+ + ρ) ∈ Γ∗p
p′
, λ′ = −
√
p
p′
(Λ− + ρ) ∈ Γ∗p′
p
. (3.14)
In other words, we write
χNλ+λ′(τ) =
1
η(τ)N−1
∑
w∈W,n∈Γpp′
ǫ(w)q
1
2
|w(λ)+λ′+n|2
=
∑
w∈W
ǫ(w)KNw(λ)+λ′(τ).
(3.15)
The rationale for the alternating sum in the above formula is the following. The
dimension of the free boson vertex operator ei(u−Q)·X corresponding to the character
KNu , with linear dilaton (as will be described in the next subsection), is
hu =
1
2
u2 − 1
2
Q2. (3.16)
Let w be a simple Weyl reflection, by a root αw. A simple computation shows that
hw(λ)+λ′ = hλ+λ′ + (αw · λ)(−αw · λ′). (3.17)
If we restrict λ and −λ′ to sit in the identity Weyl chamber of Γ∗p
p′
and Γ∗p′
p
, then
(αw · λ)(−αw · λ′) is always a nonnegative integer. It is possible to subtract off the
character KNw(λ)+λ′ to make the theory “smaller”. The alternating sum in (3.15) does
this in a Weyl invariant manner8, and gives the character χNλ+λ′(τ) of the WN minimal
model.
Note that χNλ+λ′(τ) vanishes identically whenever (λ, λ
′) is fixed by the action of a
subgroup of the double Weyl group W ×W . The set of inequivalent characters are
thus parameterized by
E = (Γ∗pp′/Γpp′ − {fixed points})/W ×W. (3.18)
8For w not a simple Weyl reflection, one can show that hw(λ)+λ′ − hλ+λ′ is still a nonnegative
integer, when λ and −λ′ sit in the identity Weyl chamber of Γ∗p
p′
and Γ∗
p′
p
.
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This is also the set of inequivalent WN primaries. The partition function of the WN
minimal model is given by the diagonal modular invariant
ZNp,p′(τ, τ¯) =
∑
(Λ+,Λ−)
|χN(Λ+,Λ−)(τ)|2
=
1
N(N !)2
∑
λ∈Γ∗p
p′
/Γpp′ , λ
′∈Γ∗
p′
p
/Γpp′
|χNλ+λ′(τ)|2
=
1
(N !)2
∑
u∈Γ∗
pp′
/Γpp′
|χNu (τ)|2,
(3.19)
where the first sum is only over inequivalent (Λ+,Λ−) under shifted Weyl reflections.
The decomposition u = λ + λ′ is understood in going between the last two lines (λ, λ′
are defined up to a shift by t ∈ Γ∗1
pp′
/Γpp′).
Let us illustrate again with the N = 2 example. In this case, Γpp′ =
√
2pp′ Z,
Γ∗pp′ =
1√
2pp′
Z. We have
λ ∈
√
p′
2p
Z, λ′ ∈
√
p
2p′
Z, t ∈
√
pp′
2
Z, (3.20)
and
Γ∗pp′
Γpp′
≃ Z2p × Z2p′
Z2
(3.21)
W ≃ Z2 acts on Γx by reflection. The set of inequivalent characters is
E ≃ Z
×
p × Z×p′
Z2
, (3.22)
where the Z2 identification on Z
×
p × Z×p′ is
(r, s)→ (r + p, s+ p′) ∼ (p− r, p′ − s). (3.23)
Returning to the general WN characters, the modular transformation on χ
N
u (τ)
takes the form
χNu (−1/τ) =
∑
u˜∈Γ∗
pp′
/Γpp′
S˜u,u˜χ
N
u˜ (τ), S˜u,u˜ =
1√
N(pp′)N−1
e−2πiu·u˜. (3.24)
The RHS is not yet written as a sum over independent characters. After doing so, we
have
χNu (−1/τ) =
∑
u˜∈
(
Γ∗
pp′
/Γpp′−fixed
)
/W×W
Su,u˜χ
N
u˜ (τ), (3.25)
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where
Su,u˜ =
∑
(w,w′)∈W×W
ǫ(w)ǫ(w′)Su,w(λ˜)+w′(λ˜′). (3.26)
3.3 Coulomb gas representation of vertex operators and screen-
ing charge
We have seen that the partition function of the WN minimal model may be obtained
from that of the free bosons on the lattice ΓN−1,N−1 by twisting by ǫ(w) in a sum over
action by Weyl group elements w ∈ W . The free boson vertex operators corresponding
to lattice vectors of ΓN−1,N−1 take the form
eiv·X+iβ·XL , (3.27)
where v ∈ Γ∗pp′, and β ∈ Γpp′. The lowest weight states appearing in the characters
|KNu |2 are of the form eiv·X .
Given aWN primary labeled by (Λ+,Λ−), we associate it with the free boson vertex
operator eiv·X , with the identification
v =
√
p′
p
Λ+ −
√
p
p′
Λ−. (3.28)
In order to match the conformal dimensions, we need to turn on a linear dilaton
background charge Q = 2v0ρ, where v0 =
1
2
(√
p
p′
−
√
p′
p
)
= − 1
2
√
pp′
. The conformal
weight of eiv·X in the linear dilaton CFT is then
hv−Q =
1
2
(v −Q)2 − 1
2
Q2 =
1
2
v2 −Q · v. (3.29)
Using
u = v −Q =
√
p′
p
(Λ+ + ρ)−
√
p
p′
(Λ− + ρ),
Q2 =
1
pp′
ρ2 =
1
12pp′
N(N2 − 1),
(3.30)
we see that indeed
hv−Q = h(Λ+,Λ−). (3.31)
We will denote by Ov a primary of the WN algebra and by Vv the corresponding
free chiral boson vertex operator eiv·XL . On a genus g Riemann surface, correlators of
the linear dilaton CFT are nontrivial only if the total charge is (2−2g)Q. For instance,
the non-vanishing sphere two-point functions must involve a pair of operators Vv and
11
V2Q−v, of equal conformal weights and total charge 2Q. On the other hand, the fusion
rule in the WN minimal model is such that the correlation function 〈Ov1 · · ·Ovn〉 is
nonvanishing only if
∑n
i=1 vi ∈ Γ p′
p
+ Γ p
p′
= Γ 1
pp′
.
For each simple root αi, we have√
p
p′
αi ∈ Γ p
p′
,
√
p′
p
αi ∈ Γ p′
p
. (3.32)
The vertex operators
V +i = V
√
p
p′
αi
, V −i = V−
√
p′
p
αi
. (3.33)
have conformal weight 1, and can be used as screening operators. By inserting screening
charges, the contour integrals of these screening operators, we can obtain all correlators
of WN primaries that obey the fusion rule. We can also absorb the background charge
with screening charges. This relies on the fact
ρ =
1
2
∑
α∈∆+
α, (3.34)
where ∆+ is the set of all positive roots. So we can write
2Q = 4v0ρ =
∑
α∈∆+
(√
p
p′
α−
√
p′
p
α
)
. (3.35)
which may be further written as a sum of non-negative integer multiples of
√
p
p′
αi and
−
√
p′
p
αi, which are the screening operators.
As an example, consider Ov and its charge conjugate operator Ov. If Vv is the
Coulomb gas representation of Ov, then V2Q−v has the correct dimension and charge
(modulo root lattice) to represent Ov. Alternatively, one may take Vv, which differs
from V2Q−v by some screening charges. There is a Weyl reflection w0 (the longest Weyl
group element) such that
w0(v) = −v, w0(ρ) = −ρ. (3.36)
The shifted Weyl transformation by w0 acts as
w0 · v =
√
p′
p
(w0(Λ+ + ρ)− ρ)−
√
p
p′
(w0(Λ− + ρ)− ρ)
= 2Q− v.
(3.37)
So indeed v and 2Q − v are identified by Weyl reflection and represent the same WN
primary.
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4 Sphere three-point function
On the sphere, WN conformal blocks can also be computed directly from affine Toda
theory, by taking the residue of affine Toda conformal blocks as the vertex operators
approach those of the WN minimal model [29]. This spares us the messy screening
integrals in the Coulomb gas approach, and allows for easy extraction of explicit three-
point functions. Our computation closely follows that of [29].
4.1 Two point function and normalization
The two and three point functions inWN minimal model can be obtained from those of
the affine Toda theory, as follows. The affine Toda theory is given by the N −1 bosons
with linear dilaton described in the previous section, with an additional potential
µ
N−1∑
i=1
ebαi·X (4.1)
added to the Lagrangian. Following the convention of [29], the background charge Q
is related to b by Q = (b + b−1)ρ, where ρ is the Weyl vector. Note that Q will be
related to Q in the previous section by Q = iQ. Normally, one considers the affine
Toda theory with real b and Q. To obtain correlators of WN minimal model, analytic
continuation on b as well as a residue procedure will be applied, as we will describe
later.
The primary operators in the affine Toda theory are given by
Vv = e
v·X . (4.2)
Vv and Vw·v represent the same operator (recall that w · v is the shift Weyl transfor-
mation of v by w ∈ W ), but generally come with different normalizations. They are
related by
Vv = Rw(v)Vw·v, (4.3)
where Rw(v) is the reflection amplitude computed in [30]:
Rw(v) =
A(w · v)
A(v)
=
A(w(v−Q) +Q)
A(v)
, (4.4)
and
A(v) =
[
πµγ(b2)
] (v−Q,ρ)
b
∏
i>j
Γ(1− b(v −Q,hj − hi))Γ(−b−1(v−Q,hj − hi))
=
[
πµ
−1
γ(−b2)b
−4
] (v−Q,ρ)
b ∏
i>j
Γ(1− bPij)Γ(−b−1Pij),
(4.5)
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where Pij ≡ (Q−v) · (hi−hj). In particular, applying this for the longest Weyl group
element w0, we obtain the relation
Vv¯ =
A(2Q− v)
A(v)
V2Q−v, (4.6)
where v¯ is the conjugate of v. Notice that the function A(v) has the property A(v) =
A(v¯). The operators Vv are such that the two point function between Vv and V2Q−v is
canonically normalized,
〈Vv(x)V2Q−v(0)〉 = 1|x|2∆v . (4.7)
It follows that that two point function of Vv and its charge conjugate is
〈Vv(x)Vv¯(0)〉 = A(2Q− v)
A(v)
1
|x|2∆v . (4.8)
In the WN minimal model, by (4.24), we have a similar relation (by a slight abuse
of notation, we now denote by Vv the primary operator in the WN minimal model that
descends from the corresponding exponential operator in the free boson theory)
Vv = Rw(v)Vw·v, (4.9)
where
Rw(v) =
A(w · v)
A(v)
=
A(w(v −Q) +Q)
A(v)
, (4.10)
and
A(v) =
[
πµ
−1
γ(p
′
p
)
(
p
p′
)2]−√ pp′ (v−Q,ρ)∏
i>j
Γ(1 +
√
p′
p
Pij)Γ(−
√
p
p′
Pij), (4.11)
where Pij = (v − Q) · (hi − hj). The two point function between Vv and its charge
conjugate is then
〈Vv(x)Vv¯(0)〉unnorm = A(2Q− v)
A(v)
1
|x|2∆v . (4.12)
In computing this in the Coulomb gas formalism, appropriated screening charges are in-
serted, to saturate the background charge. Consequently, the vacuum isn’t canonically
normalized. In fact, we have
〈1〉unnorm = A(2Q)
A(0)
. (4.13)
The normalized correlators are related by
〈V1 · · ·Vn〉 = 〈V1 · · ·Vn〉
unnorm
〈1〉unnorm =
A(0)
A(2Q)
〈V1 · · ·Vn〉unnorm. (4.14)
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Here again the “unnormalized” n-point function is understood to be computed with
appropriated screening charges inserted. Next, we define the normalized operators V˜v
by
V˜v =
√
A(v)A(2Q)
A(2Q− v)A(0)Vv ≡ B(v)Vv, (4.15)
and then we have 〈
V˜v(x)V˜v¯(0)
〉
=
1
|x|2∆v . (4.16)
4.2 Extracting correlation functions from affine Toda theory
Let us proceed to the three point functions in the WN minimal model:
〈Vv1Vv2Vv3〉unnorm =
CWN (v1, v2, v3)
|x12|∆1+∆2−∆3 |x23|∆2+∆3−∆1|x13|∆1+∆3−∆2 . (4.17)
where ∆i denotes the total scaling dimension of Vvi . The normalized three point func-
tions of the normalized operators V˜vi are given by〈
V˜v1 V˜v2 V˜v3
〉
= B (v1)B (v2)B (v3)
−1 〈Vv1Vv2V2Q−v¯3〉unnorm, (4.18)
and the structure constants, with two-point functions normalized to unity, are
Cnor(v1, v2, v3) = B (v1)B (v2)B (v3)
−1CWN (v1, v2, 2Q− v¯3). (4.19)
Nontrivial data are contained in the structure constants CWN (v1, v2, v3), which we now
compute.
In the affine Toda theory, the three point functions of the operators (4.2) are of the
form
〈Vv1Vv2Vv3〉 =
CToda(v1,v2,v3)
|x12|∆1+∆2−∆3 |x23|∆2+∆3−∆1|x13|∆1+∆3−∆2 . (4.20)
The structure constants CToda(v1,v2,v3) are computed in [29]. They have poles when
the relation
v1 + v2 + v3 + b
N−1∑
k=1
skαk +
1
b
N−1∑
k=1
s′kαk = 2Q (4.21)
is obeyed, where sk and s
′
k are nonnegative integers. The pole structure is as follows.
For general vi’s, define a charge vector ǫ =
∑
ǫiαi through the following equation
v1 + v2 + v3 + b
N−1∑
k=1
skαk +
1
b
N−1∑
k=1
s′kαk + ǫ = 2Q. (4.22)
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The relation (4.21) is obeyed when ǫi = 0, i = 1, · · · , N − 1. This is an order N − 1
pole of the structure constant CToda(v1,v2,v3), understood as a function of ǫ. The
WN minimal model structure constant, CWN (v1, v2, v3), is computed by taking N − 1
successive residues,9
resǫ1→0resǫ2→ǫ1 · · · resǫN−1→ǫN−2CToda(v1,v2,v3), (4.23)
and then analytically continuing to the following imaginary values of b and vi,
b = −i
√
p′
p
, vj = ivj . (4.24)
The relation (4.21) is always satisfied by the vi’s obeying the WN fusion rules in some
Weyl chamber. The overall normalization of the three point function can be then fixed
by requiring
CWN (0, 0, 2Q) = 1. (4.25)
In [29], by bootstrapping the sphere four point function, the following class of three
point function coefficients were computed in the affine Toda theory:
CToda(v1,v2,κω
N−1)
=
[
πµγ(b2)b2−2b
2
] (2Q−∑ vi,ρ)
b
(Υ(b))N Υ(κ)
∏
α∈∆+
Υ
(
(Q− v1) · α
)
Υ
(
(Q− v2) · α
)
N−1∏
i,j=1
Υ
(
κ
N
+ (v1 −Q) · hi + (v2 −Q) · hj
) ,
(4.26)
where κ is a real number, ωN−1 is the fundamental weight vector associated to the
anti-fundamental representation, and the hk’s are charge vectors defined as
hk = ω
1 −
k−1∑
i=1
αi, (4.27)
where ω1 is the first fundamental weight, associated with the fundamental representa-
tion. The function Υ is defined by
logΥ(x) =
∫ ∞
0
dt
t
[(Q
2
− x
)2
e−t − sinh
2
(Q
2
− x) t
2
sinh bt
2
sinh t
2b
]
. (4.28)
It obeys the identities,
Υ(x+ b) = γ(bx)b1−2bxΥ(x),
Υ(x+ 1/b) = γ(x/b)b2x/b−1Υ(x),
Υ(x) = Υ(b+ 1/b− x),
(4.29)
9The residue (4.23) can also be computed using a Coulomb gas integral. See (1.24) of [29].
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and has zeros at x = −nb − m/b and at x = (1 + n)b + (1 + m)/b, for nonnegative
integers n,m.
The procedure of computing CWN (v1, v2, v3) from the residue of (4.26), when v3 is
proportional to ωN−1, is carried out in Appendix A. The result is
CWN
(
v1, v2,
(√
p′
p
n−
√
p
p′
m
)
ωN−1
)
=
(
p′
p
)∑N−2
j=1 (sjs
′
j+1−sj+1s′j)
[
−µπ
γ(p
′
p
)
]N−1∑
k=1
sk
[
−µ′π
γ( p
p′
)
]N−1∑
k=1
s′
k
s′N−1−1∏
k=0
sN−1−1∏
l=0
−1(√
p′
p
(n− l)−
√
p
p′
(m− k)
)2

×
[
sN−1−1∏
l=0
γ(1 +m− p
′
p
(n− l))
]s′N−1−1∏
k=0
γ(1 + n− p
p′
(m− k))
N−1∏
j=1
R
sj,j−1,s
′
j,j−1
j,0 ,
(4.30)
where R
sj,j−1,s
′
j,j−1
j,0 is the ǫ = 0 value of
R
sj,j−1,s′j,j−1
j,ǫ =
s′j,j−1∏
k=1
sj,j−1∏
l=1
−1
(ǫ · hj +
√
p
p′
k −
√
p′
p
l)2
N∏
i=j+1
1
(P 1ij −
√
p
p′
k +
√
p′
p
l)2
1
(P 2ij −
√
p
p′
k +
√
p′
p
l)2

×
[
sj,j−1∏
l=1
γ(ǫ · hj + p
′
p
l)
N∏
i=j+1
γ(
√
p′
p
P 1ij +
p′
p
l)γ(
√
p′
p
P 2ij +
p′
p
l)
]
×
s′j,j−1∏
k=1
γ(ǫ · hj + p
p′
k)
N∏
i=j+1
γ(−
√
p
p′
P 1ij +
p
p′
k)γ(−
√
p
p′
P 2ij +
p
p′
k)
 .
(4.31)
P 1ij and P
2
ij are defined as P
r
ij = (vr −Q) · (hi − hj), r = 1, 2, and the function γ(x) is
defined as γ(x) = Γ(x)/Γ(1−x). µ′ is the dual cosmological constant, which is related
to the cosmological constant µ by
µ′ =
1
πγ
(
− p
p′
) [πµγ(−p′
p
)]− p
p′
. (4.32)
In the special case of s′i = 0 for all i = 1, · · · , N − 1, the expressions simplify:
CWN
(
v1, v2,
(√
p′
p
n−
√
p
p′
m
)
ωN−1
)
=
[
−µπ
γ(p
′
p
)
]N−1∑
k=1
sk
[
sN−1−1∏
l=0
γ(1 +m− p
′
p
(n− l))
]
N−1∏
j=1
R
sj,j−1,0
j,0 ,
(4.33)
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and
R
sj,j−1,0
j,0 =
[
sj,j−1∏
l=1
γ(
p′
p
l)
N∏
i=j+1
γ(
√
p′
p
P 1ij +
p′
p
l)γ(
√
p′
p
P 2ij +
p′
p
l)
]
. (4.34)
4.3 Large N factorization
In this section, we compute three point functions of WN primaries (f , 0), (f , f), and/or
their charge conjugates, with the primary (Λ+,Λ−) where Λ± are the symmetric or
antisymmetric tensor products of f or f¯ . While the former are thought to be dual
to elementary scalar fields in the bulk AdS3 theory, the latter are expected to be
composite particles, or bound states, of the former. If this interpretation is correct,
then the three point functions in the large N limit must factorize into products of
two-point functions, as the bound states become unbound at zero bulk coupling. We
will see that this is indeed the case. Our method can be carried out more generally to
identify all elementary particles and their bound states in the bulk at large N , including
the light states.
4.3.1 Massive scalars and their bound states
To begin with, let us consider the three point function of (¯f , 0), (¯f , 0), and (A, 0), where
A is the antisymmetric tensor product of two f ’s. Note that in the large N limit, (f , 0)
has scaling dimension ∆(f ,0) = 1 + λ, while (A, 0) has twice the dimension, and is
expected to be the lowest bound state of two (f , 0)’s. The charge vectors are
v1 = v2 =
√
p′
p
ωN−1, v3 =
√
p′
p
ω2. (4.35)
The structure constant, extracted using affine Toda theory, is
CWN
(√
p′
p
ωN−1,
√
p′
p
ωN−1, 2Q−
√
p′
p
ωN−2
)
=
[
−µπ
γ(p
′
p
)
]
γ
(
1− p
′
p
)
γ
(
2
p′
p
− 1
)
.
(4.36)
By (4.19), the normalized structure constant are computed to be
Cnor =
√
2
[
−(1−
1
N
)Γ(−λ)Γ(2λ
N
)Γ(λ− λ
N
)Γ(−1 − λ
N
)
(1 + λ
N
)3Γ(λ)Γ(−λ + λ
N
)Γ(−2λ
N
)Γ( λ
N
)
] 1
2
=
√
2− 2 + 4λ+ πλ cotπλ+ 2λ(γ + ψ(λ))√
2N
+O( 1
N2
),
(4.37)
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where γ is the Euler-Mascheroni constant, and the ψ(λ) is the digamma function.
In the infinite N limit, the bulk theory is expected to become free. If we denote
(f , 0) by φ, the OPE of φ should behave like that of a free field of dimension ∆(f ,0).
Given the two-point function 〈
φ(x)φ¯(0)
〉
=
1
|x|2∆(f,0) , (4.38)
the product of two φ’s, normalized as 1√
2
φ2, has the two point function 1/|x|4∆(f,0).
With the identification
(A, 0) ∼ 1√
2
φ2, (4.39)
i.e. (A, 0) as a bound state of two φ’s that becomes free in the large N limit, the three-
point function coefficient is indeed
√
2, agreeing with the free correlator 〈φ¯(x1)φ¯(x2) 1√2 :
φ2(x3) :〉.
(A, 0)
(f¯ , 0)
(f¯ , 0)
The next example we consider is the three point function of two (¯f , 0)’s and (S, 0),
where S is the symmetric tensor product of two f ’s. In the large N limit, (S, 0) has
dimension 2∆(f ,0) + 2, and may be expected to be an excited resonance of two (f , 0)’s.
The charge vectors of the three primaries are
v1 = v2 =
√
p′
p
ωN−1, v3 =
√
p′
p
2ω1. (4.40)
The structure constant computed from Coulomb integral is very simple:
CWN
(√
p′
p
ωN−1,
√
p′
p
ωN−1, 2Q−
√
p′
p
2ωN−1
)
= 1, (4.41)
and the normalized structure constant is
Cnor =
[
2Γ(−λ)Γ( λ
N
)Γ(−2− 2λ
N
)Γ(2 + λ+ λ
N
)
NΓ(λ)Γ(−1− λ
N
)Γ(2 + 2λ
N
)Γ(−1− λ− λ
N
)
] 1
2
=
1 + λ√
2
+
λ(1 + λ)(−4 + 2γ + ψ(−1 − λ) + ψ(2 + λ))
2
√
2N
+O( 1
N2
).
(4.42)
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Let us compare (S, 0) with the primary that appears in the OPE of two free fields φ’s
at level (1, 1), with normalized two-point function,
1√
2∆(f ,0)
(φ∂∂¯φ− ∂φ∂¯φ). (4.43)
The structure constant of (4.43) with two φ¯’s is ∆(f ,0)/
√
2, precisely agreeing with
(4.42) in the large N limit, as ∆(f ,0) = 1 + λ. This leads us to identify
(S, 0) ∼ 1√
2∆(f ,0)
(φ∂∂¯φ− ∂φ∂¯φ). (4.44)
Next, we consider the three point function of (f , 0), (f¯ , 0), and (adj, 0), where adj
is the adjoint representation of SU(N). A similar computation gives10
Cnor((f , 0), (f¯ , 0), (adj, 0)) =
[
(1− 1
N
)Γ(−λ)Γ(λ− λ
N
)
(1 + λ
N
)2Γ(λ)Γ(−λ+ λ
N
)
] 1
2
= 1− 1 + λ+
1
2
πλ cotπλ− λψ(λ)
N
+O( 1
N2
).
(4.45)
This allows us to identify
(adj, 0) ∼ φφ¯, (4.46)
in large N limit.
As a simple check of our identification, we can compute the three point function of
(A, 0), (S, 0), and (adj, 0), which is expected to factorize into three two-point functions
(i.e. ∼ 〈φφ¯〉3) in the large N limit. Indeed, with the three charge vectors
v1 =
√
p′
p
ω2, v2 =
√
p′
p
2ωN−1, v3 =
√
p′
p
(ω1 + ωN−1), (4.47)
we have
CWN
(√
p′
p
ω2,
√
p′
p
2ωN−1, 2Q−
√
p′
p
(ω1 + ωN−1)
)
=
[
−µπ
γ(p
′
p
)
]N−2
γ(1− 2p
′
p
)γ(
p′
p
)
[
N∏
i=3
γ
((
p′
p
− 1
)
(2− i)
)
γ
(
p′
p
(δi,N − 1 + i) + (2− i)
)]
,
(4.48)
10Here and from now on, we write Cnor(v1, v2, v3) in terms of the three pairs of representations
rather than charge vectors.
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and for the normalized structure constant,
Cnor((A, 0), (S, 0), (adj, 0)) =
[
N4(1 + λ)3Γ(1 + λ)Γ
(−1 + λ+ λ
N
)
(N + λ)2(N + 2λ)2Γ(−1− λ)Γ (2 + λ+ λ
N
)] 12
= (1 + λ)− λ(1 + λ)(6 + ψ(−1− λ) + ψ(2 + λ))
2N
+O( 1
N2
),
(4.49)
which is indeed reproduced in the large N limit by the three point function of free field
products 1√
2
φφ, 1√
2∆(f,0)
(φ¯∂∂¯φ¯− ∂φ¯∂¯φ¯), and φφ¯.
(adj, 0)
(A, 0)
(S¯, 0)
4.3.2 Light states
The bound states of basic primaries discussed so far can be easily guessed by comparison
the scaling dimensions in the large N limit. This is less obvious with the light states,
which are labeled by a pair of identical representations, i.e. of the form (R,R).
To begin with, consider the light state (f , f), whose dimension in the large N limit
is ∆(f ,f) = λ
2/N . The OPE of two (f , f)’s contains (A,A) and (S, S), whose dimensions
in the large N limit are both 2∆(f ,f), as well as (A, S) and (S,A), whose dimensions are
2∆(f ,f)+2. A linear combination of (A,A) and (S, S) is thus expected to be the lowest
bound state of two (f , f)’s. This linear combination can be determined by inspecting
the three-point functions of two (f¯ , f¯)’s with (A,A) and (S, S).
The normalized structure constant of two (f¯ , f¯)’s with (A,A) is computed to be
Cnor((f¯ , f¯), (f¯ , f¯), (A,A)) =
[
(N + λ)Γ (1− λ) Γ (2λ
N
)
Γ
(
3λ
N
)2
Γ
( −3λ
N+λ
)2
Γ
( −2λ
N+λ
)
NΓ
(−3λ
N
)2
Γ
(−2λ
N
)
Γ (1 + λ) Γ
( −N
N+λ
)
Γ
(
2λ
N+λ
)
× Γ
( −λ
N+λ
)
Γ
(
Nλ
N+λ
)
Γ
(
N+λ
N
)
Γ
(
1 + λ− λ
N
)
Γ
(
N+2λ−Nλ
N+λ
)
Γ
(
3λ
N+λ
)2
Γ
(−Nλ
N+λ
)
Γ
(
N(1+λ)
N+λ
)
Γ
(
N+λ−Nλ
N
)
Γ
(
N−λ
N
)
 12
= 1 +
λ2(−π cot πλ+ π2λ cot2 πλ− 18γ − 2ψ(λ)− 2λψ(1)(λ))
2N2
+O( 1
N3
),
(4.50)
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and with (S, S),
Cnor((f¯ , f¯), (f¯ , f¯), (S, S))
=
2− 4λ2N2+Nλ (N + 1)2Γ (1− λ) Γ (λ+NλN )Γ (−λ−NλN+λ )Γ ( N+3λ2N+2λ)Γ (12 − λN )Γ (N+λ+NλN+λ )
N2Γ (λ) Γ
(
N−λ
2(N+λ)
)
Γ
(−Nλ
N+λ
)
Γ
(
1
2
+ λ
N
)
Γ
(
N+2λ+Nλ
N+λ
)
Γ
(
N−λ−Nλ
N
)

1
2
= 1 +
λ2(π cotπλ− π2λ csc2 πλ+ 2(γ + ψ(λ) + λψ(1)(λ)))
2N2
+O( 1
N3
),
(4.51)
where ψ(1)(λ) is the trigamma function. We will denote the operator (f , f) by ω, and the
lowest nontrivial operator in the OPE of two such light operators by ω2. Anticipating
large N factorization, if ω were a free field, then the product operator with correctly
normalized two-point function is 1√
2
ω2. The structure constant fusing two ω’s into their
bound state 1√
2
ω2 is therefore
√
2 in the free limit. This is indeed the case: the three
point function coefficient of two (f¯ , f¯)’s and the linear combination 1√
2
((S, S) + (A,A))
is
Cnor =
√
2− 4
√
2γλ2
N2
+O( 1
N3
). (4.52)
This leads to the identification
(S, S) + (A,A)√
2
∼ 1√
2
ω2. (4.53)
The other linear combination
(S, S)− (A,A)√
2
(4.54)
is orthogonal to ω2 and has vanishing three point function with two (f¯ , f¯)’s in the large
N limit. It is therefore a new elementary light particle.
To identify the first excited composite state of two (f , f)’s as a linear combination
of (A, S) with (S,A), we compute the structure constants
Cnor((f¯ , f¯), (f¯ , f¯), (A, S)) =
π2(N − 1)(N + λ)6 csc 2πλN csc NπλN+λΓ(1− λ)Γ ( NN+λ)Γ (−N−λN )
N6Γ (λ) Γ
(
λ
N
)
Γ
( −N
N+λ
)
Γ
( −2λ
N+λ
)
Γ
(−Nλ
N+λ
)2
Γ
(
(1+N)λ
N+λ
)
× Γ
(
N+3λ
N+λ
)
Γ
(
N−λ+Nλ
N
)
Γ
(
N−Nλ
N+λ
)
Γ
(
1− λ+ λ
N
)
Γ
(
3N−2λ
N
)2
] 1
2
=
λ2
2N
− λ
2(1− 3λ+ πλ cot πλ+ 2λγ + 2λψ(λ))
2N3
+O( 1
N4
),
(4.55)
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and
Cnor((f¯ , f¯), (f¯ , f¯), (S,A)) =
[
π2(N − 1)N6 csc πλ csc 2Nπ
N+λ
Γ
( −N
N+λ
)
Γ
(
N+λ
N
)
Γ
(
1− 2λ
N
)
(N + λ)6Γ (λ)2 Γ
(
2λ
N
)
Γ
(−λ−Nλ
N
)
Γ
( −λ
N+λ
)
Γ
(−Nλ
N+λ
)
× Γ
(
1 + λ+ λ
N
)
Γ
(
N+2λ−Nλ
N+λ
)
Γ
(
N+λ+Nλ
N+λ
)
Γ
(
N(1+λ)
N+λ
)
Γ
(−N−λ
N
)
Γ
(
3N+5λ
N+λ
)2
 12
=
λ2
2N
+
λ2(1− 5λ+ πλ cotπλ+ 2λγ + 2λψ(λ))
2N3
+O( 1
N4
).
(4.56)
Comparing its large N limit with the free field products leads to the identification of
1√
2
((A, S) + (S,A)) as the two-particle state,
(A, S) + (S,A)√
2
∼ 1√
2∆(f ,f)
(ω∂∂¯ω − ∂ω∂¯ω). (4.57)
Note that the RHS of (4.57) has the correctly normalized two-point function pro-
vided that the dimension of ω is ∆(f ,f) = λ
2/N . The orthogonal linear combination
1√
2
((A, S)− (S,A)) has vanishing three point function with two (f¯ , f¯)’s at infinite N .
There is an important subtlety, pointed out in [23]: while 1
∆(f,f)
∂∂¯ω is a descendant
of ω, it is not truly an elementary particle. In fact, direct inspection of three-point
functions at large N shows that it should be identified with the bound state of φ = (f , 0)
and φ˜ = (0, f), i.e.
1
∆(f ,f)
∂∂¯ω ∼ φ φ˜. (4.58)
This is not in conflict with the statement that ω itself is an elementary particle, since in
the large N limit ∂∂¯ω (without the normalization factor 1/∆(f ,f)) becomes null. With
the identification (4.58), we can also express (4.57) as
(A, S) + (S,A)√
2
∼ 1√
2
(
ωφφ˜− 1
∆(f ,f)
∂ω∂¯ω
)
. (4.59)
In the next subsection, we will see a nontrivial consistency check of this identification.
4.3.3 Light states bound to massive scalars
So far we have seen that the massive elementary particles and the light particles interact
weakly among themselves at large N . One can also see that the bound state between
a massive scalar and a light state becomes free in the large N limit. We will consider
the example of (f , 0) and (f , f) fusing into (A, f) or (S, f). At infinite N , the operators
(A, f) and (S, f) have the same dimension as that of the basic primary (f , 0), namely
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∆(f ,0) = 1 + λ, and the light state (f , f) has dimension zero. A linear combination of
(A, f) and (S, f) should be identified with the lowest bound state of (f , 0) and (f¯ , f¯).
This is seen from the three point function coefficients
Cnor((f¯ , 0), (f¯ , f¯), (A, f)) =
−π(N − 1)2 csc 2πλN+λ csc NπλN+λ sin NπN+λΓ (λ−NλN+λ )Γ (1 + λN+λ)2
N2Γ
(−Nλ
N+λ
)2
Γ
(
N(1+λ)
N+λ
)
Γ
(
N+3λ
N+λ
)2
 12
=
1√
2
+
λ
2
√
2N
(π cot πλ+ 2γ + 2ψ(λ)) +O( 1
N2
),
(4.60)
and
Cnor((f¯ , 0), (f¯ , f¯), (S, f)) =
2−1+ 4λN+λ (N + 1)Γ (N−NλN+λ )Γ (N+λ+NλN+λ )Γ
(
N+2λ
2(N+λ)
)
NΓ
(
N+2λ+Nλ
N+λ
)
Γ
(
−λ
2(N+λ)
)
Γ
(
N+λ−Nλ
N+λ
)

1
2
=
1√
2
− λ
2
√
2N
(π cotπλ+ 2γ + 2ψ(λ)) +O( 1
N2
).
(4.61)
By comparing with the free field product of the elementary massive scalar φ with the
light field ω, we can identify
(A, f) + (S, f)√
2
∼ φω. (4.62)
The orthogonal linear combination 1√
2
((A, f)−(S, f)) has vanishing three point function
with (f , 0) and (f , f) in the infinite N limit. This is a new elementary particle, with
the same mass as that of φ in the infinite N limit.11
One can further study the fusion of (0, f) with (A, f) into (A, S), and the fusion of
(0, f) with (S, f) into (S,A). The normalized structure constants for both three-point
functions are 1/
√
2 in the infinite N limit. In particular,
Cnor
(
(0, f¯),
(A¯, f¯) + (S¯, f¯)√
2
,
(A, S) + (S,A)√
2
)
=
1√
2
+O( 1
N
). (4.63)
This is precisely consistent with the identifications
(0, f) ∼ φ˜, (A, f) + (S, f)√
2
∼ φω, (A, S) + (S,A)√
2
∼ 1√
2
(
ωφφ˜− 1
∆(f ,f)
∂ω∂¯ω
)
.
(4.64)
11We thank S. Raju for emphasizing this point. Note that on dimensional grounds, if 1√
2
((A, f) −
(S, f)) were a bound state, it could only be that of (f , 0) with a light state of the form (R,R), but
by fusion rule R must be f , and we already know that 1√
2
((A, f)− (S, f)) is orthogonal to the bound
state of (f , 0) with (f , f) in the large N limit.
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The leading O(N0) contribution to (4.63) comes from the free field contraction of〈
φ˜ : φω :
: ωφφ˜ :√
2
〉
. (4.65)
This is shown in the following (bulk) picture
(A, S) + (S,A)
(0, f¯)
(A¯, f¯) + (S¯, f¯)
φ˜
φ
ω
As the last example of this section, let us also observe the following three-point
function:
Cnor
(
(0, f¯),
(A¯, f¯)− (S¯, f¯)√
2
,
(A, S)− (S,A)√
2
)
=
1√
2
+O( 1
N
). (4.66)
As argued earlier, the operator 1√
2
((A, f)−(S, f)) is an elementary particle state; denote
it by Ψ. We have ∆Ψ = ∆(f ,0) in the largeN limit. Analogously,
1√
2
((f , A)−(f , S)) = Ψ˜,
with ∆Ψ˜ = ∆(0,f) at large N . There is a similar three-point function, fusing φ =
(f , 0) and Ψ˜ into 1√
2
((S,A) − (A, S)). Combining this with (4.66), we conclude that
1√
2
((A, S)− (S,A)) is a bound state of two elementary massive particles, namely
(A, S)− (S,A)√
2
∼ Ψφ˜− Ψ˜φ√
2
. (4.67)
5 Sphere four-point function
In the section, we investigate the sphere four-point function in the WN minimal model,
of the primary operators (f , 0), (f¯ , 0), with a general primary (Λ+,Λ−) and its charge
conjugate. The main purpose of this exercise is to set things up for the torus two-point
function in section 6. We consider two different approaches in computing the sphere
four-point function: the Coulomb gas formalism, and null state differential equations.
In subsections 5.1 through 5.3, we illustrate the screening charge contour integral and
its relation with conformal blocks in various channels, primarily in the N = 3 example,
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i.e. the W3 minimal model. In this case, the conformal blocks are computed by a
two-fold contour integral on a sphere with four punches. More generally, the conformal
blocks in the WN minimal model are given by (N − 1)-fold contour integrals. The
identification of the correct contour for each conformal block, however, is not obvious
for general N . In subsection 5.4, we recall the null state differential equations of [29],
which applies to all WN minimal models. The conformal blocks are given by the N
linearly independently solutions of the null state differential equation. One observes
that the N distinct t-channel conformal blocks (to be defined below) are permuted
under the action of the Weyl group. This motivates an identification of the Coulomb
gas screening integral contours for the t-channel conformal blocks for all values of N ,
which we describe in subsection 5.5. The monodromy invariance of our four-point
functions is shown in Appendix D.
5.1 Screening charges
Let us illustrate the screening charge integral in the W3 minimal model. Consider
the sphere four-point function of the primary operators (f , 0), (f¯ , 0), with a general
primary (Λ+,Λ−) and its charge conjugate. The highest weight vectors of f and f¯ are
the two fundamental weights ω1 and ω2 of SU(3). In the Coulomb gas approach, we
first replace the four W3 primaries by the corresponding chiral boson vertex operators
eivi·XL, i = 1, 2, 3, 4, where the charge vectors vi are taken to be
v1 =
√
p′
p
ω1, v2 =
√
p′
p
ω2, v3 =
√
p′
p
Λ+ −
√
p
p′
Λ−, v4 = 2Q− v3. (5.1)
There is some freedom in choosing the charge vectors, since different charge vectors
related by the shifted Weyl transformations are identified with the same W -algebra
primary. For instance, here we have chosen v4 to be 2Q−v3 rather than v¯3 =
√
p′
p
Λ¯+−√
p
p′
Λ¯−. Indeed these two ways to represent the primary (Λ¯+, Λ¯−) are related by the
longest Weyl reflection, as explained at the end of section 3. In terms of Dynkin labels,
we write
ω1 = (1, 0), ω2 = (0, 1), Q = − 1√
pp′
(1, 1), Λ+ = (n+, m+), Λ− = (n−, m−),
(5.2)
where n±, m± are nonnegative integers that obey n+ +m+ ≤ k = p − 3, n− +m− ≤
k+1 = p−2. The two simple roots are α1 = (2,−1), α2 = (−1, 2). The corresponding
simple Weyl reflections s1, s2 act on the weight vector (n,m) by
s1(n,m) = (−n, n +m), s2(n,m) = (n +m,−m). (5.3)
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To compute the sphere four point function of the WN primaries, we must insert
screening charges so that the total charge is 2Q. In our example, a total screening
charge −v1 − v2 = −
√
p′
p
(α1 + α2) is inserted. This is done by inserting two screening
operators, V −1 and V
−
2 , both of which have conformal weight 1. So we expect
〈Ov1(x1)Ov2(x2)Ov3(x3)Ov4(x4)〉 =
∫
C
ds1ds2〈Vv1(x1)Vv2(x2)Vv3(x3)Vv4(x4)V −1 (s1)V −2 (s2)〉,
(5.4)
for some appropriate choice of the contour C for the (s1, s2)-integral. In fact, by
choosing the appropriate contour C, we can pick out the three independent conformal
blocks in this case. One may allow the contours to start and end on one of the xi’s
where the vertex operator is inserted, but we will demand the contours are closed on
the four-punctured sphere.12 This will allow for a straightforward generalization to the
torus two-point function later.
Without loss of generality, we will choose x3 = 0, x4 = ∞, while keeping x1, x2
two general points on the complex plane. Write V ′v4(∞) = limx4→∞ x
2hv4
4 Vv4(x4). The
correlation function with screening operators is computed in the free boson theory
(with linear dilaton) as
〈Vv1(x1)Vv2(x2)Vv3(0)V ′v4(∞)V −1 (s1)V −2 (s2)〉
= xv1·v212 s
p′
p
α1·α2
12
2∏
i=1
xvi·v3i s
−
√
p′
p
v3·αi
i
2∏
i,j=1
(xi − sj)−
√
p′
p
vi·αj
= x
p′
p
( 2
3
n++
1
3
m+)−( 23n−+ 13m−)
1 x
p′
p
( 1
3
n++
2
3
m+)−( 13n−+ 23m−)
2 s
− p′
p
n++n−
1 s
− p′
p
m++m−
2
× x
p′
3p
12 s
− p′
p
12 (x1 − s1)−
p′
p (x2 − s2)−
p′
p .
(5.5)
Note that as a function in s1, (5.5) has branch points at s1 = 0,∞, x1, s2. As a function
in s2, it has branch points at s2 = 0,∞, x2, s1. The property that there are 4, rather
than 5, branch points in each si, will be important in the construction of the contour
C.
5.2 Integration contours
We will consider the following type of the two-dimensional integration contour C. First
integrate s2 along a contour C2(s1) which depends on s1, and then integrate s1 along a
contour C1. C2(s1) is chosen to avoid the four branch points s2 = 0,∞, x2, s1, and C1
is chosen to avoid the branch points 0,∞, x1, x2 (x2 will be a branch point in s1 after
12Strictly speaking, due to the branch cuts connecting the vertex operators Vvi , the contour C lies
on a covering Riemann surface of the punctured sphere.
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the integration over s2). To ensure that one comes back to the same sheet by going
once around the contour, we demand that C1, C2 have no net winding number around
any branch point.13
For C2(s1) to be well defined the entire time as s1 moves along C1, we also demand
the following property of C1: upon removal of the s1-branch point x1, C1 becomes
contractible. Since x1 is not a branch point of the s2-integrand, this makes it possible
to choose C2(s1) to avoid all branch points of s2 and comes back to itself as s1 goes
around C1, ensuring that the full contour integral is well defined.
Let us denote by L(z1, z2) the following contour that goes around two points z1, z2
on the complex plane:
z1 z2
This contour is well defined when there are branch cuts coming out of z1 and z2,
and the monodromies around z1 and z2 commute. It is also nontrivial only when z1
and z2 are both branch points. If we integrate (5.5) along a contour L(z1, z2) where
z1, z2 are two of the branch points of the integrand, the contour may be collapsed to a
line interval connecting z1 and z2, namely
z1 z2
in the following sense. Let gz1 and gz2 be the action by the monodromy around z1 and
z2 respectively. Then we can write∫
L(z1,z2)
· · · = (1− gz2 + gz1gz2 − g−1z2 gz1gz2)
∫ z2
z1
· · · (5.6)
where an appropriate branch is chosen for the integral from z1 to z2 on the RHS.
The two-dimensional contour C will be constructed as follows: we first integrate s2
along a contour C2(s1) of the form L(z1, z2), where z1, z2 are two out of the four branch
points 0,∞, x2, s1, and then integrate s1 along a contour C1 that is of the form L(x1, z)
(so that it becomes contractible upon removal of x1). We must then investigate the
transformation of the contour integral under the monodromies associated with s- and
13This is sufficient because the monodromies involved are abelian.
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t-channel Dehn twists:
Ts : x1 going around x2, and
Tt : x1 going around 0.
(5.7)
These are analyzed in detail in Appendix B. We only describe the results below.
Among the following four L-contours for the s2-integral: L(x2,∞), L(0, s1), L(0,∞),
and L(x2, s1), only two are linearly independent. In fact, the basis (L(x2,∞), L(0, s1))
is convenient for analyzing t-channel monodromies, whereas the basis (L(0,∞), L(x2, s1))
is convenient for analyzing s-channel monodromies. The linear transformation between
the two basis is given by(
L(0,∞)
L(x2,∞)
)
=
(
1−gs1gx2
1−gs1
1−g0
1−gs1
−gs1 1−gx21−gs1 −
1−g0gs1
1−gs1
)(
L(0, s1)
L(s1, x2)
)
. (5.8)
Using the basis for the s2-integral adapted to the t-channel, namely (L(x2,∞), L(0, s1)),
we may consider the following four candidates for the two-dimensional contour C,∫
C(1)
=
∫
L(x1,x2)
ds1
∫
L(x2,∞)
ds2,
∫
C(2)
=
∫
L(x1,x2)
ds1
∫
L(0,s1)
ds2,∫
C(3)
=
∫
L(0,x1)
ds1
∫
L(x2,∞)
ds2,
∫
C(4)
=
∫
L(0,x1)
ds1
∫
L(0,s1)
ds2.
(5.9)
These contours are shown in the figures below:
0 x1 x2
∞
C(1)
0 x1 x2
∞
C(2)
0 x1 x2
∞
C(3)
0 x1 x2
∞
C(4)
The solid lines represents the interval onto which the s2-contour collapses (as opposed
to the contour itself), whereas the dashed lines represent the corresponding collapsing
interval of the s1-contour.
We will denote the integral of (5.5) along C(i) by Ji, i = 1, 2, 3, 4. The t-channel
monodromy Tt then acts on the basis vector (J1,J2,J3,J4) by the matrix
Mt = g0(x1)
(
1 1− gx2(s1)
0 g0(s1)gx1(s1)
)
, (5.10)
while the s-channel monodromy Ts acts by the matrix
Ms = gx2(x1)
(
gx1(s1)gx2(s1) 0
gx1(s1)− gx1(s1)g0(s1) 1
)
. (5.11)
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In both (5.10) and (5.11), gx(z) denotes the 2× 2 monodromy matrix that acts on the
s1-integrand (after having done the s2-integral) by taking the point z around x. The
explicit form of g0(x1), gx2(x1), g0(s1), gx1(s1), gx2(s1) are given in Appendix B.
5.3 The conformal blocks for N = 3
While we have constructed four candidates for the two-dimensional contour C (out of
many possibilities), there are only three linearly independent conformal blocks for the
four-point function considered in section 5.1. Indeed, only three out of the four Ji’s
are linearly independent, as shown in Appendix C. They areJ˜2J3
J4
 =

∫
L(x1,x2)
ds1
∫
L(s1,x2)
ds2 · · ·∫
L(0,x1)
ds1
∫
L(x2,∞) ds2 · · ·∫
L(0,x1)
ds1
∫
L(0,s1)
ds2 · · ·
 , (5.12)
where the integrand · · · is given by (5.5).
There are three s-channel conformal blocks, corresponding to fusing the (f , 0) and
(f¯ , 0) into (0, 0), (adj, 0), and (adj′, 0), where adj stands for the adjoint representation
of SU(3), and adj′ refers to a second adjoint W3-conformal block whose lowest weight
channel is the (W 3)−1 descendant of (adj, 0). We denote these conformal blocks by
F s = (F s(0),F s(adj),F s(adj′)) . (5.13)
The lowest conformal weights in these channels are (computed using (2.7))
h(f ,0) = h(f¯ ,0) =
N − 1
2N
(1 +
N + 1
N + k
) =
4p′
3p
− 1,
h(adj,0) = 1 +
N
N + k
=
3p′
p
− 2, h(adj′,0) = 3p
′
p
− 1.
(5.14)
By comparing the s-channel monodromies, one finds that F s is expressed in terms of
the contour integrals via the linear transformation
F s = As
J˜2J3
J4
 , As =
 1 0 0− ζ2−m+−n+ (1−ζ2+m+)(1−ζn+ )(1−ζ)2(1+ζ)(1+ζ+ζ2) 1 0
− ζ3−2m+−n+ (1−ζm+ )(1−ζ1+m++n+)
(1−ζ)2(1+ζ)(1+ζ+ζ2) 0 1
 , (5.15)
where ζ ≡ e2πip′/p.
Similarly, in the t-channel, there are three conformal blocks, associated with three
distinct primaries (Λ++ω
1,Λ−), (Λ+−ω1+ω2,Λ−), and (Λ+−ω2,Λ−). The conformal
blocks are denoted
F t = (F t(ω1),F t(−ω1 + ω2),F t(−ω2)) . (5.16)
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The lowest conformal weights in the respective channels are
h(Λ++ω1,Λ−) = h(Λ+,Λ−) +
p′
p
(
2
3
n+ +
1
3
m+ +
4
3
)− 2
3
n− − 1
3
m− − 1,
h(Λ+−ω1+ω2,Λ−) = h(Λ+,Λ−) +
p′
p
(−1
3
n+ +
1
3
m+ +
1
3
) +
1
3
n− − 1
3
m−,
h(Λ+−ω2,Λ−) = h(Λ+,Λ−) +
p′
p
(−1
3
n+ − 2
3
m+ − 2
3
) +
1
3
n− +
2
3
m− + 1.
(5.17)
By comparing with the t-channel monodromy, we find that F t is expressed in terms of
the contour integrals as
F t = At
J˜2J3
J4
 , At =
1 −
(1−ζ)2(1+ζ)ζ−1+m++n+
(1−ζ1+m+ )(1−ζ1+n+ ) −
(1−ζ)2(1+ζ)ζ−1+2m++n+
(1−ζ1+m+ )(1−ζ2+m++n+ )
0 1 0
0 0 1
 . (5.18)
Finally, the four point function is obtained by summing over either the s-channel or
the t-channel conformal blocks,
〈Ov1(x1, x¯1)Ov2(x2, x¯2)Ov3(0)O′v4(∞)〉 = (F s)†MsF s = (F t)†MtF t. (5.19)
Here Ms and Mt are “mass” matrices, and obey
(As)†MsAs = (At)†MtAt. (5.20)
Mt is diagonal, while Ms is only block diagonal a priori, since there are two adjoint
conformal blocks in the s-channel. The mass matrices are computed explicitly in Ap-
pendix C, up to the overall normalization which can be fixed by the identity s-channel.
In this way, the four point function is entirely determined.
5.4 Null state differential equations
In this section, we describe a different method of computing the sphere four-point
function of the WN primaries (f , 0), (f , 0) with (Λ+,Λ−) and its charge conjugate,
following [29]. Analogously to section 5.1, now for general N , the four operator on the
sphere are Ovi with the charge vectors vi given by
v1 =
√
p′
p
ω1, v2 =
√
p′
p
ωN−1, v3 = v ≡
√
p′
p
Λ+ −
√
p
p′
Λ−, v4 = 2Q− v.
(5.21)
To compare with the formulae in section 3, we also write
u = λ+ λ′ = v −Q, (5.22)
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where λ and λ′ lie in the lattices Γ∗p/p′ and Γ
∗
p′/p, and are defined modulo simultaneous
shifts by lattice vectors of Γpp′ with the opposite signs. As shown in [29], the primary
states (f , 0) and (f , 0) are complete degenerate. They obey a set of null state equations.
For instance, in the W3 minimal model, the vertex operators Ov1 gives rise to the null
states(
W−1 − 3w
2∆
L−1
)
Ov1 = 0,(
W−2 − 12w
∆(5∆ + 1)
L2−1 +
6w(∆ + 1)
∆(5∆ + 1)
L−2
)
Ov1 = 0,(
W−3 − 16w
∆(∆− 1)(5∆ + 1)L
3
−1 +
12w
∆(5∆ + 1)
L−1L−2 +
3w(∆− 3)
2∆(5∆ + 1)
L−3
)
Ov1 = 0.
(5.23)
Here ∆ and w are the conformal weight and spin-3 charge of Ov1 . Explicitly, they are
given by
∆ =
4p′
3p
− 1, w2 = −2∆
2
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5p′ − 3p
3p− 5p . (5.24)
Similar relations hold for Ov2 . Using the null state equations, one finds that in the
W3 minimal model the conformal blocks obey hypergeometric differential equation of
(3, 2)-type.
The null state method applies straightforwardly to the WN minimal model with
general N , and the conformal blocks therein obey the following hypergeometric differ-
ential equation of (N,N − 1)-type:[
x
N∏
k=1
(
x
d
dx
+
p′
p
+
√
p′
p
P1,k
)
−
N∏
k=1
(
x
d
dx
+
√
p′
p
P1,k
)]
G(x) = 0, (5.25)
where x is the conformally invariant cross ratio of the four xi’s, and Pi,j are defined in
terms of the charge vectors as
Pk = u · hk, Pij = Pi − Pj. (5.26)
The vectors hk were defined in (4.27). The solutions to (5.25) are
Gk(x) = x
√
p′
p
Pk,1
NFN−1(~µk; ~̂νk|x) ≡ x−
√
p′
p
P1Gk(x). (5.27)
where ~µk and ~νk are the following N -dimensional vectors:
~µk =
√
p′
p
(Pk,1, · · · , Pk,N) + p
′
p
(1, · · · , 1),
~νk =
√
p′
p
(Pk,1, · · · , Pk,N) + (1, · · · , 1),
(5.28)
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and ~̂νk is the (N − 1)-dimensional vector defined by dropping the k-th entry of ~νk.
NFN−1(a1, · · · , aN ; b1, · · · , bN−1|x) is the generalized hypergeometric function.
One observes that, the action of shifted Weyl transformations on v (or equivalently,
ordinary Weyl transformation on u) permutes the N t-channel conformal blocks. One
may define a Weyl group action on Pk as
w(Pk) = w(u) · hk = u · w−1(hk). (5.29)
The Weyl group acts as permutations on hk, and hence permutes Pk and Gk(x) as well.
Diagrammatically, the t-channel conformal blocks can be represented as
v3 −Q+
√
p′
p
hk
v3 −Q
v1 −Q
v4 −Q
v2 −Q
The shifted Weyl transformation on v permutes the diagrams with different internal
lines.
In terms of the conformal blocks Gk(x) or Gk(x), the four-point function is given
by 〈Ov1(x1)Ov2(x2)Ov3(0)O′v4(∞)〉
= |x1 − x2|
2p′
Np |x1|2
√
p′
p
Q·h1|x2|−2
√
p′
p
Q·hN−2 p
′
p G
(
x1
x2
,
x¯1
x¯2
)
.
(5.30)
where G(x, x¯) sums up the product of holomorphic and anti-holomorphic conformal
blocks,
G(x, x¯) =
N∑
j=1
(Mu)jjGj(x)Gj(x¯). (5.31)
Mu is a diagonal “mass matrix”. We indicated here the explicit u-dependence ofMu,
though Gj(x) depend on u as well. Mu can be expressed in terms of the structure
constants (three point function coefficients) via
(Mu)jj = B
(√
p′
p
w1
)2
CWN
(√
p′
p
w1, u+Q,Q− u−
√
p′
p
hj
)
× CWN
(
Q + u+
√
p′
p
hj ,
√
p′
p
wN−1, Q− u
)
= γ
(
p′
p
)
γ
(
N
(
1− p
′
p
)) N∏
i=1,i 6=j
γ
(√
p′
p
Pij
)
γ
(
p′
p
−
√
p′
p
Pij
)
.
(5.32)
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In deriving the last line, we used the results of B and CWN computed in section 4. Note
that, expectedly, the Weyl transformations on u also permutes the N diagonal entries
of Mu. For later use, we also define
C2u ≡ (Mu)N,N = γ
(
p′
p
)
γ
(
N
(
1− p
′
p
))N−1∏
i=1
γ
(√
p′
p
Pi,N
)
γ
(
p′
p
−
√
p′
p
Pi,N
)
.
(5.33)
5.5 The contour for general N
Let us return to the Coulomb gas formalism, and we are now ready to present a contour
prescription for the four-point conformal blocks in WN minimal models with general
N . It may appear rather difficult to directly identify the N contours that give precisely
the N linearly independent conformal blocks. But once we find the contour that gives
one of the N t-channel conformal blocks, we can apply Weyl transformations on the
charge vector u and generate the remaining N − 1 t-channel conformal blocks.
The screening charge integral that computes the four point function, or rather, a
conformal block, takes the form
Gu
(
x1
x2
)
=x
p′
p
−
√
p′
p
PN
2 x
√
p′
p
P1
1
∮
ds1 s
−
√
p′
p
(u+Q)·α1
1 (x1 − s1)−
p′
p
×
(
N−2∏
i=1
∮
dsi+1 s
−
√
p′
p
(u+Q)·αi+1
i+1 (si − si+1)−
p′
p
)
(x2 − sN−1)−
p′
p
(5.34)
where s1, s2, · · · , sN−1 are integrated along the following choice of contour:
N−1∏
i=1
∮
dsi =
∫
L(0,x1)
ds1
∫
L(0,s1)
ds2 · · ·
∫
L(0,sN−2)
dsN−1. (5.35)
Pictorially, this is represented as
0 s1 x1
x2
∞
s2
s3
where the various lines represent the collapsing intervals of the L-contours of s1, s2, s3, · · · .
In the N = 3 case, this is the last contour of (5.9), denoted by C(4) in section 5.2.
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The integral (5.34) can be computed by collapsing the prescribed contour to suc-
cessive integrations over straight lines,∫
L(0,x1)
ds1
∫
L(0,s1)
ds2 · · ·
∫
L(0,sN−2)
dsN−1 = Nu
∫ x1
0
ds1
∫ s1
0
ds2 · · ·
∫ sN−2
0
dsN−1,
(5.36)
where the factor Nu is obtained by taking the differences of line integrals related by
monodromies, similarly to the derivation in Appendix B. The result is
Nu =
N−1∏
i=1
(1− gsi)(1− g0,i),
gsi = e
−2πi p′
p ,
g0,N−i = e
−2πi
√
p′
p
u·∑i−1j=1 αN−j−2πi√ p′p (u+Q)·αN−i = e2πi(−
√
p′
p
Pi,N+
p′
p
).
(5.37)
The integral expression Gu is related to the conformal block GN(x) derived in the
previous subsection as
Gu
(
x1
x2
)
=Nux
p′
p
−
√
p′
p
PN
2 x
√
p′
p
P1
1
∫ x1
0
ds1 s
−
√
p′
p
(u+Q)·α1
1 (x1 − s1)−
p′
p
×
(
N−2∏
i=1
∫ si
0
dsi+1 s
−
√
p′
p
(u+Q)·αi+1
i+1 (si − si+1)−
p′
p
)
(x2 − sN−1)−
p′
p
=Nu
∏N−1
k=1 Γ(
√
p′
p
PN,k +
p′
p
)∏N−1
k=1 Γ(
√
p′
p
PN,k + 1)
Γ(1− p
′
p
)N−1GN
(
x1
x2
)
≡NuLuGN
(
x1
x2
)
,
(5.38)
i.e. they differ only by the normalization constant NuLu. Here we made use of the
integral representation of the generalized hypergeometric function:
NFN−1(a1, · · · , aN ; b1, · · · , bN−1|x)
=
(
N−1∏
k=1
Γ(bk)
Γ(ak)Γ(bk − ak)
)∫ 1
0
· · ·
∫ 1
0
N−1∏
k=1
ξak−1k (1− ξk)bk−ak−1
(
1− x
N−1∏
k=1
ξk
)−aN
dξ1 · · ·dξN−1.
(5.39)
Now we have obtained the N -th t-channel conformal block of section 5.4. To produce
the other t-channel conformal blocks, we act the Weyl transformation on u, and obtain
Gi
(
x1
x2
)
= GN
(
x1
x2
) ∣∣∣∣
u→w(u)
= N−1w(u)L−1w(u)Gw(u)
(
x1
x2
)
. (5.40)
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In terms of the contour integral Gu(x), the four-point function (5.31) can be written
as
G(x, x¯) =
1
(N − 1)!
∑
w∈W
|Cw(u)Gw(u)(x)|2, (5.41)
where we defined the normalization constant Cu as
Cu = CuL−1u N−1u . (5.42)
A useful formula, derived using (5.33), is
C2uL
−2
u =− Γ(1−
p′
p
)2−2Nγ
(
p′
p
)
γ
(
N
(
1− p
′
p
))N−1∏
k=1
csc π
√
p′
p
Pk,N sin π
(√
p′
p
Pk,N − p
′
p
)
.
(5.43)
The representation of the four-point function (5.41) is the main result of this section. It
may seen rather unnecessary given that we already know the relatively simple expres-
sion for the conformal blocks as generalized hypergeometric functions. But as discussed
in the next section, our t-channel contour prescription allows for a straightforward gen-
eralization to torus two-point functions.
6 Torus two-point function
6.1 Screening integral representation
We now consider the torus two-point function of a fundamental primary and an anti-
fundamental primary operator in the WN minimal model, Ov1 and Ov2 . The relevant
genus one conformal blocks will be constructed using free bosons on the Narain lattice
ΓN−1,N−1, with insertions of vertex operators Vv1 and Vv2 , along with screening opera-
tors V −1 , V
−
2 , . . . , V
−
N−1. Note that the set of screening operators is the same as in the
earlier computation of sphere four point function, now the total charge being 0 on the
torus (as opposed to 2Q on the sphere).
Our starting point is the torus correlation function in the free boson theory with
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screening operators insertions,
ZbosΓN−1,N−1〈Vv1(z1)Vv2(z2)V −1 (t1) · · ·V −N−1(tN−1)〉τ
=
1
|η(τ)|2N−2
∣∣∣∣ θ1(z12|τ)∂zθ1(0|τ)
∣∣∣∣2v1·v2 ∣∣∣∣θ1(z1 − t1|τ)∂zθ1(0|τ)
∣∣∣∣−2 p
′
p
∣∣∣∣θ1(z2 − tN−1|τ)∂zθ1(0|τ)
∣∣∣∣−2 p
′
p
N−2∏
i=1
∣∣∣∣θ1(ti,i+1|τ)∂zθ1(0|τ)
∣∣∣∣2 p
′
p
αi·αi+1
×
∑
(v,v¯)∈ΓN−1,N−1
q
1
2
v2 q¯
1
2
v¯2 exp
[
2πi
(
v · (v1z1 + v2z2 −
√
p′
p
N−1∑
i=1
αiti)
− v¯ · (v1z¯1 + v2z¯2 −
√
p′
p
N−1∑
i=1
αit¯i)
)]
=
∑
u∈Γ∗
pp′
/Γpp′
∣∣Gbosu (z1, z2, t1, · · · , tN−1|τ)∣∣2 .
(6.1)
Our convention is that the coordinate z on the torus of modulus τ is identified under
z ∼ z + 1 ∼ z + τ . The lattice ΓN−1,N−1 is defined as in (3.11). Gbosu is a genus one
character of the free boson with N + 1 vertex operator insertions,
Gbosu (z1, z2, t1, · · · , tN−1|τ)
=
1
η(τ)N−1
(
θ1(z12|τ)
∂zθ1(0|τ)
) p′
pN
(
θ1(z1 − t1|τ)
∂zθ1(0|τ)
)− p′
p
(
θ1(z2 − tN−1|τ)
∂zθ1(0|τ)
)− p′
p
N−2∏
i=1
(
θ1(ti,i+1|τ)
∂zθ1(0|τ)
)− p′
p
×
∑
n∈Γpp′
q
1
2
(u+n)2 exp
[
2πi
√
p′
p
((u+ n) · (ω1z1 + ωN−1z2 − αiti))
]
.
(6.2)
Recall that in the formula for the WN minimal character (3.15), an alternating sum
over Weyl orbits is perfomed in order to cancel the contribution from null states in
the conformal family of u = λ + λ′ at the level hw(λ)+λ′ − hλ+λ′ and higher. A similar
procedure is applied here to produce the correct minimalWN torus correlation function.
A t-channel conformal block for the torus two-point function can be represented by the
following diagram:
λ+ λ′ +
√
p′
p
hk
λ+ λ′
√
p′
p
w1 −Q
√
p′
p
wN−1 −Q
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On the lower arc, there are null states at the level hλ+w(λ′) − hλ+λ′ that are included
by the free boson character. On the upper arc, there are null states at the level14
h
λ+w(λ′)+
√
p′
p
hk
− h
λ+λ′+
√
p′
p
hk
. To cancel the contribution from these null states, we
consider the alternating sum:15
Gbosλ+λ′(z1, z2, t1, · · · , tN−1|τ) =
∑
w∈W
ǫ(w)Gbosλ+w(λ′)(z1, z2, t1, · · · , tN−1|τ). (6.3)
Next, we integrate the positions ti of the screening operators on an (N−1)-dimensional
contour. Different appropriate contour choices may give different conformal blocks, say
in the t-channel or s-channel.
t-channel s-channel
As in the case of sphere four-point function, we will construct the integration contour
by composing one-dimensional contours with no net winding numbers, which ensures
that the integral is well defined despite the branch cuts in the integrand. To go from
the four-punctured sphere to the two-punctured torus, we can simply cut out holes
around the points 0 and ∞ on the complex plane, and glue the two boundaries of
resulting annulus to form the torus. The annulus coordinate x to the torus coordinate
z are related by the exponential map x = e2πiz. The L-contours introduced in section
5.2 are closed contours that avoids the branch cuts including 0 and ∞, and thus are
readily extended to the case of the torus under the exponential map. In particular, the
part of the contour that winds around 0 or ∞ now winds around cycles of the torus.
14Similar to (3.29), one can show that h
λ+w(λ′)+
√
p′
p
hk
− h
λ+λ′+
√
p′
p
hk
is always a nonnegative
integer, when λ+
√
p′
p
hk and λ
′ sit in the identity affine Weyl chamber of Γ∗p
p′
and Γ∗p′
p
.
15The reason that we are summing over the Weyl orbits of λ′ (rather than, say λ) has to do with the
inserted vertex operator being (f , 0) rather than (0, f). Also note that normalization factors involving
the structure constants, e.g. (5.43) are needed to obtain the full correlator. In fact, (5.43) is invariant
under the Weyl transformation acting on λ′, i.e. Cλ+w(λ′)L
−1
λ+w(λ′) = Cλ+λ′L
−1
λ+λ′ . This is consistent
with the WN primaries being labelled by u = λ+ λ
′ up to the double Weyl action.
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0 x =⇒
z
We will still use L(0, x) or L(∞, x) to denote the contour on the torus related by
the exponential map, with the understanding that when the L-contour winds around
0 or ∞ on the plane, it now winds around the spatial cycle either above or below
z = 1
2πi
log x on the torus.
Let us consider the following contour integral:
Gtu(z1, z2|τ) =
∫
L(0,z1)
dt1
∫
L(0,t1)
dt2 · · ·
∫
L(0,tN−2)
dtN−1Gbosu (z1, z2, t1, · · · , tN−1|τ),
(6.4)
which, as in the case of sphere four-point function, is a conformal block in t-channel.
The contours L(0, z1), L(0, t1), · · · , L(0, tN−2), for t1, · · · , tN−1 integrals, are now con-
tours on the torus of the type shown in the right figure above. The positions of the
two primaries, z1, z2 and the positions of the screening charges ti, are in cylinder
coordinates. They are related to x1, x2 and si described in section 5.5, now annulus
coordinates, by the conformal map
xi = e
2πizi , si = e
2πiti . (6.5)
Generally, it appears rather difficult to explicitly identify a set of contours that gives
all the conformal blocks in one channel. Instead, we use the trick described in section
5.5, starting from (6.4) and obtain the other N − 1 t-channel contours by Weyl trans-
formation on u = λ + λ′. Note that in arriving at (6.4) we have already performed an
alternating sum on λ′, so the Weyl transformations that permute the different t-channel
conformal blocks really only act on λ.
The torus two-point function of the primaries (f , 0) and (f¯ , 0) is then given by
〈Ov1(z1, z¯1)Ov2(z2, z¯2)〉τ =
1
N !
∑
λ∈∆1, λ′∈∆2, w∈W
∣∣Cw(u)Gtw(λ+λ′)(z1, z2|τ)∣∣2, (6.6)
where ∆1 and ∆2 are the identity chambers of the shifted affine Weyl transformation in
the lattices Γ∗p
p′
and Γ∗p′
p
respectively. In summing λ and λ′ independently, we have over-
counted, as (λ, λ′) are identified under (3.8). This is compensated by including an extra
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factor of 1/N , turning the factor 1
(N−1)! in (5.41) into
1
N !
in (6.6). The normalization
factor Cu was given in (5.42) and (5.43).
6.2 Monodromy and modular invariance
On the torus with two operators inserted at x1 and x2, besides the s-monodromy
(x1 circling around x2), t-monodromy (x1 → x1 + 1 below x2), and u-monodromy
(x1 → x1 + 1 above x2), there are also what we may call the “v-monodromy” which is
x1 → x1+τ on the left of x2, and “w-monodromy” which is x1 → x1+τ on the right of
x2. Three of these five monodromies are independent. The two-point function should
be invariant under these three monodromy transformations, as well as the modular
transformations (T : τ → τ + 1 and S : τ → −1/τ).
The t-channel conformal blocks in (6.6) are trivially invariant under the t-monodromy
and T -modular transformation. The s- and u-monodromy, on the other hand, mix the
different t-channel conformal blocks. The invariance of the full two-point function can
be seen by expanding (6.6) in powers of q = e2πiτ with z1−z2 fixed, where each term in
the expansion is a sphere four-point function of Ov1 ,Ov2 with a pair of conjugate WN
primaries, or their decedents. The s- and u-monodromy invariance then follow from
those of the sphere four-point functions.
The S-modular invariance is less obvious in terms of the t-channel conformal blocks.
On the other hand, it acts in a simple way on the s-channel conformal blocks, and in
particular leaves the identity channel invariant. The identity s-channel conformal block
for the torus two-point function can be constructed by an easy generalization of the J˜2
contour in the N = 3 case for the sphere four-point function.
6.3 Analytic continuation to Lorentzian signature
As a potential application of the exact torus two-point function, we wish to consider
its analytic continuation (with τ = iβ) to Lorentzian signature. The result is the
Lorentzian thermal two-point function 〈Ov1(t)Ov2(0)〉β of theWN minimal model on the
circle (in our convention of z-coordinate, of circumference 1), at temperature T = 1/β.
This Lorentzian two-point function measures the response of the system some time
after the initial perturbation (by one of the two operators), and its decay in time
would indicate thermalization of the perturbed system. Of course, since all operator
scaling dimensions in the WN minimal model are multiples of
1
Npp′
= 1
N(N+k)(N+k+1)
,
Poincare´ recurrence must occur at time t = Npp′ ∼ N3. In fact, we will see that it
occurs at time t = Np in the two-point function 〈Ov1(t)Ov2(0)〉β. Nonetheless, the
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behavior of the two-point function at time of order N0 in the large N limit should be
a useful probe of the dual semi-classical bulk geometry.
For simplicity of notation, we will denote both Ov1 and Ov2 by O in most of the
discussion below, thinking of O as a real operator. Starting with the Euclidean torus
two-point function 〈O(z, z¯)O(0, 0)〉τ , we can write
z = x+ iy, z¯ = x− iy, (6.7)
and then at least locally make the Wick rotation y to −it. In other words, we would
like to make the replacement
z → x+ t, z¯ → x− t. (6.8)
The resulting two-point function has a singularity at x = ±t, when the two operators
are light-like separated (as null rays go around the cylinder periodically, the two oper-
ators are light-like separated also when x ± t is an integer16). One must then specify
how one wishes to analytically continue from t < |x| to t > |x|. If we are interested in
the time-ordered two-point function at t > 0,
〈T O(x, t)O(0)〉β =
∑
n
e−βEn〈n|T O(x, t)O(0)|n〉
=
∑
n,m
e−(β−it)En−iEmt〈n|O(x, 0)|m〉〈m|O(0)|n〉,
(6.9)
then the correct prescription is to replace iy by t − iǫ, where ǫ is a small positive
number.
Now consider the analytic continuation of the conformal block (6.4). We can set
z2 = 0 and z1 = x+iy, and applying our prescription, replacing z1 by x+t−iǫ. Similarly,
we will analytically continue the complex conjugate, anti-holomorphic conformal block
by sending z¯1 → x− t + iǫ.
We are interested in the behavior of the two point function at time t of order O(N0)
but parametrically large. For this purpose, we may consider simply integer values of
t and generic x. To obtain the values of the two-point function at integer time t = n,
we can start at (x, t = 0), and apply the t-monodromy which moves t → t + 1 (with
negative imaginary part so that O(x, t) goes below the insertion of O(0)) n times. The
t-monodromy on the holomorphic conformal block is given by
Gtλ+λ′(x+ t + 1 + iǫ, 0|τ) = e
2πi
(√
p′
p
PN+
p′(N−1)
2pN
)
Gtλ+λ′(x+ t + iǫ, 0|τ). (6.10)
16If there is thermalization behavior at late time, the two-point function should decay in the distri-
bution sense.
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The anti-holomorphic conformal block transforms with the same phase, due to the
complex conjugation and the inverse t-monodromy. The phase factor is simply due to
the difference of the conformal weight of the primary operators labeled by u = λ + λ′
and u+
√
p′
p
hk in the t-channel. The two-point function at t = n is then given by
〈O(x, t = n)O(0)〉β = 1
N !
∑
λ∈∆1, λ′∈∆2, w∈W
e
2πi
(
2
√
p′
p
w(PN )+
p′(N−1)
pN
)∣∣Cw(u)Gtw(λ+λ′)(x|iβ)∣∣2.
(6.11)
Recall that w(PN) = w(u) ·hN = u ·w−1(hN), and
√
p′
p
w(PN) is always an integer mul-
tiple of 1/(Np). So in fact the two-point function 〈O(x, t)O(0)〉β has time periodicity
at most Np (this is simply a consequence of the fusion rule).
Unfortunately, we do not yet know a way to extract the large N behavior of the
analytically continued two-point function, or even simply the two-point function at in-
teger times, (6.11), for that matter. In the N = 2 case, i.e. Virasoro minimal models,17
the contour integral is one-dimensional, and we have computed (6.11) numerically in
Appendix F.
7 Conclusion
We have given in section 4 the explicit formulae for the coefficients of all three-point
functions of primaries in the WN minimal model, subject to the condition that one of
the primaries is of the form (⊗nsymf¯ ,⊗msymf¯), where ⊗nsym f¯ is the n-th symmetric product
tensor of the anti-fundamental representation f¯ . This allows us to study the large N
factorization and identify the bound state structure of a large class of operators. Apart
form the elementary massive scalars (f , 0) = φ, (0, f) = φ˜, and the obvious elementary
light state (f , f) = ω, there are additional elementary light states e.g. 1√
2
((S, S) −
(A,A)), as well as additional elementary massive states e.g. 1√
2
((A, f) − (S, f)) = Ψ.
17The contour integral expression for the torus two-point function in the Virasoro minimal model
has been derived in [31]
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On the other hand, we have identified the following operators as composite particles:
(A, 0) ∼ 1√
2
φ2,
(S, 0) ∼ 1√
2∆(f ,0)
(φ∂∂¯φ− ∂φ∂¯φ),
(adj, 0) ∼ φφ¯,
(S, S) + (A,A)√
2
∼ 1√
2
ω2,
(A, f) + (S, f)√
2
∼ φω,
(A, S) + (S,A)√
2
∼ 1√
2∆(f ,f)
(ω∂∂¯ω − ∂ω∂¯ω)
∼ 1√
2
(
ωφφ˜− 1
∆(f ,f)
∂ω∂¯ω
)
,
(A, S)− (S,A)√
2
∼ Ψφ˜− Ψ˜φ√
2
.
(7.1)
We have also seen that the identification 1
∆(f,f)
∂∂¯ω ∼ φφ˜ of [23] is consistent with
the large N factorization of composite operators. It would be nice to have a system-
atic classification of all elementary states/particles among the WN primaries and their
bound state structure. This should not be difficult using our approach.
The other main result of this paper is the exact torus two-point function of the basic
primaries (f , 0) and (f¯ , 0), expressed explicitly as an (N − 1)-fold contour integral.
Direct evaluation of the contour integral appears difficult, but nonetheless feasible
numerically at small N (as demonstrated in the N = 2 case in Appendix F). As
our formulae are written for individual holomorphic conformal blocks, the analytic
continuation to Lorentzian thermal two-point function is entirely straightforward. It
would be very interesting to understand its large N behavior, say at time of order
N0. We expect some sort of thermalization behavior (as already shown in the N = 2
example at large k, in fact) reflected in the decay of the two-point function in time, and
the precise nature of the decay contains information about the dual bulk geometry. If
the BTZ black hole dominates the thermodynamics at some temperature (above the
Hawking-Page transition temperature), then we expect to see exponential decay of the
thermal two-point function. To the best of our knowledge, such an exponential decay
of the two-point function has not been demonstrated directly in a CFT with a semi-
classical gravity dual (the closest being the long string CFT18 of [33, 32] and in toy
18The long string picture a priori holds in the orbifold point, which is far from the semi-classical
regime in the bulk. One may expect that a similar qualitative picture holds for the deformed orbifold
43
matrix quantum mechanics models [34, 35]). The WN minimal model, being exactly
solvable and has a weakly coupled gravity dual at large N (though seemingly very
different from ordinary semi-classical gravity), seems to be a good place to address this
issue. To extract the answer to this question from our result on the torus two-point
function, however, is left to future work.
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A The residues of Toda structure constants
Let us carry out the procedure of obtaining the structure constant CWN (v1, v2, v3) in
the WN minimal model by taking the residues of correlators in the affine Toda theory.
Firstly, using (4.29), we derive the identities
Υ(x)
Υ(x+ nb+m/b)
= (−1)mn
(
m−1∏
i=0
n−1∏
j=0
1
(i/b+ x+ jb)2
)[
n−1∏
j=0
b−1+2bx+2jb
2
γ(bx+ jb2)
][
m−1∏
j=0
b−2x/b−2j/b
2+1
γ(x/b+ j/b2)
]
,
(A.1)
and
Υ(x)
Υ(x− nb−m/b)
= (−1)mn
(
m∏
i=1
n∏
j=1
1
(x− i
b
− jb)2
)[
n∏
j=1
γ(bx− jb2)b1−2bx+2jb2
][
m∏
j=1
γ(x/b− j/b2)b−1+2x/b−2j/b2
]
.
(A.2)
CFT in the semi-classical gravity regime, but showing this appears to be a nontrivial problem.
44
Next, we factorize the denominator of (4.26) into four groups, and substitute in (4.22),
and set ǫ = 0 in the factors that remains nonzero when ǫ = 0. The factors in the
denominator of (4.26) with j > i become
Υ
(
κ
N
+ (v1 −Q) · hi + (v2 −Q) · hj
)
= Υ
(
b(si−1 − si) + 1
b
(s′i−1 − s′i) + (Q− v2) · (hi − hj)
)
,
(A.3)
and for j < i we have
Υ
(
κ
N
+ (v1 −Q) · hi + (v2 −Q) · hj
)
= Υ
(
b(sj−1 − sj) + 1
b
(s′j−1 − s′j) + (Q− v1) · (hj − hi)
)
.
(A.4)
The denominator factors with i = j = N become
Υ
(
κ
N
+ (v1 −Q) · hi + (v2 −Q) · hj
)
= Υ
(
κ + bsN−1 +
1
b
s′N−1
)
,
(A.5)
and for i = j 6= N , we have
Υ
(
κ
N
+ (v1 −Q) · hj + (v2 −Q) · hj + ǫ · hj
)
= Υ
(
b(sj−1 − sj) + 1
b
(s′j−1 − s′j) + ǫj − ǫj−1
)
,
(A.6)
where s0 = s
′
0 = ǫ0 = 0.
Now, it is clear that (A.6) are the only factors in the denominator that vanish at
ǫ = 0, and also they vanish only when sj ≥ sj−1 and s′j ≥ s′j−1, or sj < sj−1 and
s′j < s
′
j−1. Let us first assume sj ≥ sj−1 and s′j ≥ s′j−1. We have
Υ(b)
Υ
(
b(sj−1 − sj) + 1b (s′j−1 − s′j) + ǫ · hj
) = 1
ǫ · hj (−1)
s′j,j−1sj,j−1
s′j,j−1∏
k=1
sj,j−1∏
l=1
1
(ǫ · hj + kb + lb)2

×
[
sj,j−1∏
l=1
γ(ǫ · hj − lb2)
]s′j,j−1∏
k=1
γ(ǫ · hj − k/b2)
 · bsj,j−1−b2(sj−1,j−1)sj,j−1−s′j,j−1+b2(s′j−1,j−1)s′j,j−1 ,
(A.7)
The prefactor 1
ǫ·hj is the only divergent piece in the ǫ→ 0, and at this point we could
take ǫ → 0 on the remaining factor, but we will keep the formula with nonzero ǫ for
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later use. There are also
Υ
(
(Q− v2) · (hj − hi)
)
Υ
(
b(sj−1 − sj) + 1b (s′j−1 − s′j) + (Q− v2) · (hj − hi)
)
= (−1)sj,j−1s′j,j−1
s′j,j−1∏
k=1
sj,j−1∏
l=1
1
(P2ji − kb − lb)2
× [sj,j−1∏
l=1
γ(bP2ji − lb2)
]s′j,j−1∏
k=1
γ(P2ji/b− k/b2)

× bsj,j−1−b2(sj−1,j−1)sj,j−1−s′j,j−1+b2(s′j−1,j−1)s′j,j−1−2bP2jisj,j−1+2P2jis′j,j−1/b,
(A.8)
and
Υ
(
(Q− v1) · (hj − hi)
)
Υ
(
b(sj−1 − sj) + 1b (s′j−1 − s′j) + (Q− v1) · (hj − hi)
)
= (−1)sj,j−1s′j,j−1
s′j,j−1∏
k=1
sj,j−1∏
l=1
1
(P1ji − kb − lb)2
× [sj,j−1∏
l=1
γ(bP1ji − lb2)
]s′j,j−1∏
k=1
γ(P1ji/b− k/b2)

× bsj,j−1−b2(sj−1,j−1)sj,j−1−s′j,j−1+b2(s′j−1,j−1)s′j,j−1−2bP1jisj,j−1+2P1jis′j,j−1/b,
(A.9)
where we introduced the notation si,j ≡ si− sj and Paij = (Q−va) · (hi−hj), a = 1, 2.
Combing the above three terms, we have
Υ(b)
Υ
(
bsj−1,j + 1bs
′
j−1,j + ǫ · hj
) N∏
i=j+1
Υ
(
P1ji
)
Υ
(
bsj−1,j + 1bs
′
j−1,j +P
1
ji
) Υ
(
P2ji
)
Υ
(
bsj−1,j + 1bs
′
j−1,j +P
2
ji
)
=
1
ǫ · hj (−1)
s′j,j−1sj,j−1R
sj,j−1,s
′
j,j−1
j,ǫ b
Cj ,
(A.10)
where R
sj,j−1,s
′
j,j−1
j,ǫ is defined to be
R
sj,j−1,s′j,j−1
j,ǫ =
s′j,j−1∏
k=1
sj,j−1∏
l=1
1
(ǫ · hj + kb + lb)2
N∏
i=j+1
1
(P1ji − kb − lb)2
1
(P2ji − kb − lb)2

×
[
sj,j−1∏
l=1
γ(ǫ · hj − lb2)
N∏
i=j+1
γ(bP1ji − lb2)γ(bP2ji − lb2)
]
×
s′j,j−1∏
k=1
γ(ǫ · hj − k/b2)
N∏
i=j+1
γ(P1ji/b− k/b2)γ(P2ji/b− k/b2)
 .
(A.11)
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The exponent Cj of b is given by
Cj = (2N − 2j + 1)(sj,j−1 − s′j,j−1) + 2(sj−1s′j − sjs′j−1) + b2
[
(2N − 2j + 1)sj,j−1 + s2j−1 − s2j
]
− 1
b2
[
(2N − 2j + 1)s′j,j−1 + s′2j−1 − s′2j
]− 2bsj,j−1κ + 21
b
s′j,j−1κ,
(A.12)
where we have used
N∑
i=j+1
(P1ji +P
2
ji) = κ + b(N − j)sj,j−1 + bsj +
1
b
(N − j)s′j,j−1 +
1
b
s′j. (A.13)
We also have
Υ(κ)
Υ(κ + bsN−1 + s′N−1/b)
= (−1)sN−1s′N−1
s′N−1−1∏
k=0
sN−1−1∏
l=0
1
(κ + k
b
+ lb)2

×
[
sN−1−1∏
l=0
γ(1− bκ − lb2)
]s′N−1−1∏
k=0
γ(1− κ/b− k/b2)

× b−sN−1+2bκsN−1+b2sN−1(sN−1−1)+s′N−1−2 1bκs′N−1− 1b2 s′N−1(s′N−1−1).
(A.14)
Putting the above terms together, the total exponent of b is
N−1∑
j=1
Cj − sN−1 + 2bκsN−1 + b2sN−1(sN−1 − 1) + s′N−1 − 2
1
b
κs′N−1 −
1
b2
s′N−1(s
′
N−1 − 1)
= 2(1 + b2)
N−1∑
j=1
sj − 2(1 + 1
b2
)
N−1∑
j=1
s′j + 2
N−2∑
j=1
(sjs
′
j+1 − sj+1s′j).
(A.15)
Finally, we rewrite the prefactor of (4.26) in the form
[
µπγ(b2)b2−2b
2
] (2Q−∑ vi,ρ)
b
=
[ −µπ
γ(−b2)b
−2−2b2
]N−1∑
k=1
sk
[ −µ′π
γ(− 1
b2
)
b
2
b2
+2
]N−1∑
k=1
s′
k
. (A.16)
The residue of the three point function is then
resǫ1→0resǫ2→ǫ1 · · · resǫN−1→ǫN−2Ctoda(v1,v2,κωn−1)
= (ib)2
∑N−2
j=1 (sjs
′
j+1−sj+1s′j)
[ −µπ
γ(−b2)
]N−1∑
k=1
sk
[ −µ′π
γ(− 1
b2
)
]N−1∑
k=1
s′
k
s′N−1−1∏
k=0
sN−1−1∏
l=0
1
(κ + k
b
+ lb)2

×
[
sN−1−1∏
l=0
γ(1− bκ − lb2)
]s′N−1−1∏
k=0
γ(1− κ/b− k/b2)
N−1∏
j=1
R
sj,j−1,s′j,j−1
j,ǫ .
(A.17)
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The ǫ is the subscript of Rs,s
′
j,ǫ is understand to be taken to zero in computing the
residue, but we will leave it in the formula as we will make use of it below.
In the case sj < sj−1 and s′j < s
′
j−1, we can apply the following identity:
Υ(x)
Υ(x− nb−m/b) =
Υ(b+ 1/b− x)
Υ(b+ 1/b− x+ nb+m/b) , (A.18)
and then the residue will be computed by the above formula with the replacement
ǫ→ b+ 1/b− ǫ, P1ji → b+ 1/b−P1ji, P2ji → b+ 1/b−P2ji, (A.19)
and then set ǫ to zero. Finally, we obtain the structure constants in the WN minimal
model by the analytic continuation (4.24).
B Monodromy of integration contours
In this appendix, we analyze the s and t channel monodromy action on the contour
integrals described in section 5.2.
Let us begin by considering the s2-integral. The s2-integrand has branch points at
0, s1, x2,∞. There are relations among the L contours encircling a pair of the branch
points. For instance,∫
L(0,∞)
= −
∫
L(0,{s1,x2})
=
∫ s1
0
+
∫ x2
s1
+gx2
∫ s1
x2
+gx2gs1
∫ 0
s1
+gx2gs1g0
∫ s1
0
+gx2gs1g0g
−1
s1
∫ x2
s1
+gx2gs1g0g
−1
s1 g
−1
x2
(∫ s1
x2
+
∫ 0
s1
)
= (1− gx2gs1 + gx2gs1g0 − gx2gs1g0g−1s1 g−1x2 )
∫ s1
0
+(1− gx2 + gx2gs1g0g−1s1 − gx2gs1g0g−1s1 g−1x2 )
∫ x2
s1
.
(B.1)
Now since all the g’s are commuting phase factors, we can write∫
L(0,∞)
= (1− g0)(1− gs1gx2)
∫ s1
0
+(1− g0)(1− gx2)
∫ x2
s1
. (B.2)
Naively, one may think that the integral over L(x2,∞) is given by the same expression
with 0 and x2 exchanged. This is not correct, however, due to the choice of branch in
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the line integrals. We have∫
L(x2,∞)
= −
∫
L(x2,{s1,x0})
=
∫ s1
x2
+gs1
∫ 0
s1
+gs1g0
(∫ s1
0
+
∫ x2
s1
)
+ gs1g0gx2
(∫ s1
x2
+
∫ 0
s1
)
+ gs1g0gx2g
−1
0
∫ s1
0
+gs1g0gx2g
−1
0 g
−1
s1
∫ x2
s1
= −(1− gs1g0)(1− gx2)
∫ x2
s1
−gs1(1− g0)(1− gx2)
∫ s1
0
.
(B.3)
Together with using the following relation between the L-contour and the “collapsed”
line integral, ∫
L(0,s1)
= (1− gs1)(1− g0)
∫ s1
0
,∫
L(s1,x2)
= (1− gs1)(1− gx2)
∫ x2
s1
,
(B.4)
we derive the formula (5.8).
Now consider the two-dimensional contours (5.9). Let us denote by I(i) the contours
obtained from C(i) by collapsing L(z1, z2) into straight lines, and by Ji the integral of
(5.5) along I(i), and also by Ji the integral of (5.5) along C(i), i = 1, 2, 3, 4. Ji and Ji
are related via(J1
J2
)
= (1− gx2(s1))(1− gx1(s1))
(
(1− gx2)(1− g∞)J1
(1− g0)(1− gs1)J2
)
,(J3
J4
)
= (1− g0(s1))(1− gx1(s1))
(
(1− gx2)(1− g∞)J3
(1− g0)(1− gs1)J4
)
.
(B.5)
Tt and Ts acts on (J1,J2,J3,J4) via the monodromy matrices (5.10) and (5.11). Define
ζ ≡ e2πi p
′
p . We find
g0(x1) = ζ
2
3
n++
1
3
m+e−2πi(
2
3
n−+
1
3
m−), gx2(x1) = ζ
1
3 , (B.6)
and
g0(s1) =
(
ζ−n+ 0
0 ζ−n+−m+−1
)
, gx1(s1) = ζ
−11, gx2(s1) = A
−1
(
1 0
0 ζ−2
)
A. (B.7)
The matrix A is the linear transformation of L-contours,(
L(0,∞)
L(s1, x2)
)
= A
(
L(x2,∞)
L(0, s1)
)
, (B.8)
and from (5.8) we know
A = − 1
1− g0gs1
(
1− g0 −1 + g0gx2gs1
1− gs1 gs1(1− gx2)
)
. (B.9)
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Using the monodromy phases of the s2-integrand,
g0 = ζ
−m+ , gs1 = gx2 = ζ
−1, (B.10)
we find
A = − 1
1 − ζ−m+−1
(
1− ζ−m+ ζ−m+−2 − 1
1− ζ−1 ζ−1 − ζ−2
)
. (B.11)
C Identifying the conformal blocks with contour in-
tegrals
It is useful to work in instead of (J1,J2,J3,J4), the basis(
J˜1
J˜2
)
= A
(J1
J2
)
=
∫
L(x1,x2)
ds1
(∫
L(0,∞) ds2 · · ·∫
L(s1,x2)
ds2 · · ·
)
,
(J3
J4
)
=
∫
L(0,x1)
ds1
(∫
L(x2,∞) ds2 · · ·∫
L(0,s1)
ds2 · · ·
)
.
(C.1)
In fact, J˜1 vanishes identically, as a consequence of the relation
A(1− gx2(s1))(1− gx1(s1)) = −
ζ4−m+(1− ζ1+m+)
(1 + ζ)(1− ζ)3
(
0 0
ζ 1
)
. (C.2)
Acting on (J˜2,J3,J4), the monodromy matrices are of the form
M˜s = ζ
1
3

ζ−3 0 0
(1−ζ2+m+ )(1−ζn+ )
ζ1+m++n+ (1−ζ2) 1 0
(1−ζm+ )(1−ζ1+m++n+)
ζ2m++n+(1−ζ2) 0 1
 ,
M˜t = ζ
2
3
n++
1
3
m+e−2πi(
2
3
n−+
1
3
m−)
1
(1−ζ)2(1+ζ)ζ−2+m+
1−ζm++1
(1−ζ)2(1+ζ)ζ−3+m+
1−ζm++1
0 ζ−1−n+ 0
0 0 ζ−2−n+−m+
 .
(C.3)
As described in section 5.3, the four point function is obtained by summing over
either s or t channel conformal blocks (5.19). The mass matrices therein,Mt andMs,
are of the form
Mt =
a 0 00 b 0
0 0 c
 , Ms =
d 0 00 ∗ ∗
0 ∗ ∗
 , (C.4)
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and obey (5.20). (5.20) is solved with
a
c
=
ζ2−2m+−n+(1− ζm+)(1− ζ1+m+)(1− ζ1+n+)(1− ζ1+m++n+)(1− ζ2+m++n+)2
(1− ζ)4(1 + ζ)2(1− ζ2+n+)(1− ζ3+m++n+) ,
b
c
=
ζ−m+(1− ζm+)(1− ζ1+m++n+)(1− ζ2+m++n+)
(1− ζ2+m+)(1− ζn+)(1− ζ1+n+) .
(C.5)
The overall normalization can be fix by the identity s-channel, which then fixes the
entire four point function. From this four point function one may also extract the
coefficients of the sphere 3-point functions, 〈O(adj,0)OuOu〉, 〈O(adj′,0)OuOu〉, etc., and
reproduce some of the results in section 3.
D Monodromy invariance of the sphere four-point
function
In this section, we show that the formula (5.31) for the four-point function is invariant
under the t- and u-monodromy transformations, i.e. circling x1 around 0 and ∞. By
(5.27), the t-monodromy acting as a phase on the t-channel conformal blocks; hence,
the the four-point function (5.31) is trivially invariant. To exhibit the u-monodromy,
let us apply the following identity on the generalized hypergeometric function:
NFN−1(a1, · · · , aN ; b1, · · · , bN−1|x)
=
∏N−1
k=1 Γ(bk)∏N
k=1 Γ(ak)
N∑
k=1
Γ(ak)
∏N
j=1,j 6=k Γ(aj − ak)∏N−1
j=1 Γ(bj − ak)
(−x)−ak
× NFN−1(ak, ak − b1 + 1, · · · , ak − bN−1 + 1; 1− a1 + ak, · · · , 1− aN + ak|1
x
).
(D.1)
Via this identity, the conformal block Gl(x) can be rewrited as
Gl(x) = x
√
p′
p
Pl
NFN−1(~µl; ~̂νl|x)
=
∏N
i=1 Γ(
√
p′
p
Pli + 1)∏N
i=1 Γ(
√
p′
p
Pli +
p′
p
)
N∑
k=1
Γ(
√
p′
p
Plk +
p′
p
)Γ(1 +
√
p′
p
Pkl − p
′
p
)
×
∏N
j=1,j 6=k Γ(
√
p′
p
Pkj)∏N
j=1 Γ(
√
p′
p
Pkj + 1− p′p )
e
iπ
(√
p′
p
Pkl− p
′
p
)
Hk(x),
(D.2)
where Hk(x) are the u-channel conformal blocks, given by
Hk(x) = x
√
p′
p
Pk− p
′
p
NFN−1(~µ
′
k; ~̂ν
′
k|
1
x
), (D.3)
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and ~µ′k, ~ν
′
k are N -vectors defined as
~µ′k =
√
p′
p
(P1,k, · · · , PN,k) + p
′
p
(1, · · · , 1),
~ν ′k =
√
p′
p
(P1,k, · · · , PN,k) + (1, · · · , 1).
(D.4)
Again ~̂ν
′
k is given by ~ν
′
k dropping the k-th entry. In terms of the u-channel conformal
blocks Hl(x), the four-point function can be written as
N∑
l=1
(Mu)ll|Gl(x)|2
= γ
(
p′
p
)
γ
(
N
(
1− p
′
p
)) N∑
l=1
 N∏
i=1,i 6=l
Γ(
√
p′
p
Pil)Γ(1−
√
p′
p
Pil)
Γ(1− p′
p
+
√
p′
p
Pil)Γ(
p′
p
−
√
p′
p
Pil)
 1
Γ(p
′
p
)2
×
N∑
k1=1
N∑
k2=1
Γ(
√
p′
p
Plk1 +
p′
p
)Γ(1−
√
p′
p
Plk1 −
p′
p
)Γ(
√
p′
p
Plk2 +
p′
p
)Γ(1−
√
p′
p
Plk2 −
p′
p
)eiπ
√
p′
p
Pk1k2
×
∏N
j=1,j 6=k1 Γ(
√
p′
p
Pk1j)∏N
j=1 Γ(
√
p′
p
Pk1j + 1− p
′
p
)
∏N
j=1,j 6=k2 Γ(
√
p′
p
Pk2j)∏N
j=1 Γ(
√
p′
p
Pk2j + 1− p
′
p
)
Hk1(x)Hk2(x¯).
(D.5)
Using the following identity
N∑
l=1
 N∏
i=1,i 6=l
Γ(
√
p′
p
Pil)Γ(1−
√
p′
p
Pil)
Γ(1− p′
p
+
√
p′
p
Pil)Γ(
p′
p
−
√
p′
p
Pil)

× Γ(
√
p′
p
Plk1 +
p′
p
)Γ(1−
√
p′
p
Plk1 −
p′
p
)Γ(
√
p′
p
Plk2 +
p′
p
)Γ(1−
√
p′
p
Plk2 −
p′
p
)eiπ
√
p′
p
Pk1k2
= π2
N∑
l=1
 N∏
i=1,i 6=l
sin π(p
′
p
−
√
p′
p
Pil)
sin π(
√
p′
p
Pil)
 csc π(√p′
p
Plk1 +
p′
p
) csc π(
√
p′
p
Plk2 +
p′
p
)eiπ
√
p′
p
Pk1k2
∝ δk1,k2,
(D.6)
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(D.5) may be simplified to
N∑
l=1
(Mu)ll|Gl(x)|2
= γ
(
p′
p
)
γ
(
N
(
1− p
′
p
)) N∑
k=1
N∑
l=1
 N∏
i=1,i 6=l
Γ(
√
p′
p
Pil)Γ(1−
√
p′
p
Pil)
Γ(1− p′
p
+
√
p′
p
Pil)Γ(
p′
p
−
√
p′
p
Pil)
 1
Γ(p
′
p
)2
× Γ(
√
p′
p
Plk +
p′
p
)2Γ(1−
√
p′
p
Plk − p
′
p
)2
 N∏
j=1,j 6=k
Γ(
√
p′
p
Pkj)
Γ(
√
p′
p
Pkj + 1− p′p )
2 1
Γ(1− p′
p
)2
× |Hk(x)|2
= γ
(
p′
p
)
γ
(
N
(
1− p
′
p
)) N∑
j=1
N∏
i=1,i 6=j
Γ(
√
p′
p
Pji)Γ(
p′
p
−
√
p′
p
Pji)
Γ(1− p′
p
+
√
p′
p
Pji)Γ(1−
√
p′
p
Pji)
|Hj(x)|2
=
N∑
j=1
(M˜u)jj|Hj(x)|2,
(D.7)
where the u-channel mass matrix M˜u is given in terms of the structure constants as
(here the subscript u is the charge vector)
(M˜u)jj = B
(√
p′
p
w1
)2
CWN
(√
p′
p
w1, Q− u,Q+ u−
√
p′
p
hj
)
× CWN
(
Q− u+
√
p′
p
hj ,
√
p′
p
wN−1, u+Q
) (D.8)
The u-monodromy acts as a phase on the u-channel conformal blocks (D.3). The
four-point function (D.7) is invariant.
E q-expansion of the torus two-point function
In this section, we study the q-expansion of the torus conformal block (6.4). Let us
start by expanding (6.2) as
Gbosu (z1, z2|τ) =
∑
n∈Γpp′
q−
N−1
24
+ 1
2
(u+n)2
[
G
bos,(0)
u+n (z1, z2) +G
bos,(1)
u+n (z1, z2)q +O(q2)
]
,
(E.1)
where G
bos,(n)
u (z1, z2) are obtained from the q-expansion of the θ1 and η functions in
(6.2). For simplicity, here we will assume that N is sufficiently large, and examine only
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the first few terms in the q expansion. For this purpose, we can ignore the sum over
the lattice Γpp′ by setting n = 0, while restricting u ∈ Γ∗pp′/Γpp′ to take the value in the
equivalence class that minimize u2, since the effects of nonzero n only come in of the
order q∼N
2
. Plugging this formula into (6.3) and (6.4), we obtain
Gtλ+λ′(z1, z2|τ) =
∑
w∈W
q−
N−1
24
+ 1
2
(λ+w(λ′))2
[
G
(0)
λ+w(λ′)(z1, z2) +G
(1)
λ+w(λ′)(z1, z2)q +O(q2)
]
.
(E.2)
Next, we expand the product of theta functions in (6.2),
1
η(τ)N−1
(
θ1(z12|τ)
∂zθ1(0|τ)
) p′
pN
(
θ1(z1 − t1|τ)
∂zθ1(0|τ)
)− p′
p
(
θ1(z2 − tN−1|τ)
∂zθ1(0|τ)
)− p′
p
N−2∏
i=1
(
θ1(ti,i+1|τ)
∂zθ1(0|τ)
)− p′
p
= q−
N−1
24
(
i
4π
) p′
pN
− p′
p
N (
x12√
x1x2
) p′
pN
(
x1 − s1√
x1s1
)− p′
p
(
x2 − sN−1√
sN−1x2
)− p′
p
N−2∏
i=1
(
si,i+1√
sisi+1
)− p′
p
×
[
1 +
(
N − 1− p
′
pN
x212
x1x2
)
q +
p′
p
(
N−1∑
k=1
s2k−1,k
sk−1sk
+
(x2 − sN−1)2
sN−1x2
)
q +O(q2)
]
,
(E.3)
where s0 ≡ x1, and we have made a conformal transformation xi = e2πizi and si = e2πiti .
The zeroth order term in this expansion, after the contour integral, gives19
G(0)u (z1, z2) =
(
i
4π
) p′
pN
− p′
p
N
(x2 − x1)
p′
Npx
p′(N−1)
2pN
1 x
p′(N−1)
2pN
− p′
p
2 Gu
(
x1
x2
)
. (E.4)
The first order terms in the expansion (E.2) can be split into three terms,
G(1)u (z1, z2) = G
(1),1
u (z1, z2) +G
(1),2
u (z1, z2) +G
(1),3
u (z1, z2), (E.5)
coming from the three terms of order q in the second line of (E.3),(
N − 1 + p
′
pN
x212
x1x2
)
,
p′
p
N−1∑
k=1
s2k−1,k
sk−1sk
,
p′
p
N−1∑
k=1
(x2 − sN−1)2
sN−1x2
. (E.6)
19Here a conformal factor of the form xhf1 x
h
f¯
2 , together with the factors in (5.30), is included in
rewriting G
(0)
u in terms of the sphere four-point conformal block Gu.
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The first term is independent of si and its contribution is proportional to G
(0)
u after
doing the contour integral. The second term of (E.5) is computed as
G(1),2u (z1, z2) =
(
i
4π
) p′
pN
− p′
p
N
p′
p
N−1∑
k=1
s2k−1,k
sk−1sk
(x2 − x1)
p′
Npx
√
p′
p
P1+
p′(N−1)
2pN
1 x
−
√
p′
p
PN+
p′(N−1)
2pN
2
×
∫ x1
0
ds1 s
−
√
p′
p
(u+Q)·α1
1 (x1 − s1)−
p′
p
×
(
N−2∏
i=1
∫ si
0
dsi+1 s
−
√
p′
p
(u+Q)·αi+1
i+1 (si − si+1)−
p′
p
)
(x2 − sN−1)−
p′
p
=
(
i
4π
) p′
pN
− p′
p
N
(x2 − x1)
p′
Npx
√
p′
p
PN+
p′(N−1)
2pN
1 x
−
√
p′
p
PN+
p′(N−1)
2pN
− p′
p
2
× p
′
p
N−1∑
k=1
∏N
i=1 Γ(
√
p′
p
PN,i +
p′
p
− δi,k)∏N
i=1 Γ(
√
p′
p
PN,i + 1 + δi,k)
Γ(1− p′
p
)N−1
Γ(p
′
p
)
(1− p
′
p
)(2− p
′
p
)
× NFN−1(~µN − δk; ~̂νN + δk|x1
x2
),
(E.7)
where ~1 = (1, · · · , 1) and (~δk)i = δk,i. The third term of (E.5) is given by
G(1),3u (z1, z2) =
(
i
4π
) p′
pN
− p′
p
N
p′
p
(sN−1 − x2)2
x2sN−1
(x2 − x1)
p′
Npx
√
p′
p
P1+
p′(N−1)
2pN
1 x
−
√
p′
p
PN+
p′(N−1)
2pN
2
×
∫ x1
0
ds1 s
−
√
p′
p
(u+Q)·α1
1 (x1 − s1)−
p′
p
(
N−2∏
i=1
∫ si
0
dsi+1 s
−
√
p′
p
(u+Q)·αi+1
i+1 (si − si+1)−
p′
p
)
(x2 − sN−1)−
p′
p
=
(
i
4π
) p′
pN
− p′
p
N
(x2 − x1)
p′
Npx
√
p′
p
PN+
p′(N−1)
2pN
−1
1 x
−
√
p′
p
PN+
p′(N−1)
2pN
− p′
p
+1
2
× p
′
p
∏N
k=1 Γ(
√
p′
p
PN,k +
p′
p
− 1)∏N−1
k=1 Γ(
√
p′
p
PN,k)
Γ(1− p′
p
)N−1
Γ(p
′
p
− 1) NFN−1(~µN −
~1− ~δN ; ~̂νN −~1|x1
x2
).
(E.8)
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Using the identity (D.1), G
(1),2
u and G
(1),3
u can be combined into
G(1),2u +G
(1),3
u
=
(
i
4π
) p′
pN
− p′
p
N
(x2 − x1)
p′
Npx
p′(N−1)
2pN
1 x
p′(N−1)
2pN
− p′
p
2
p′
p
(1− p
′
p
)(2− p
′
p
)
N∑
k=1
∏N−1
i=1 Γ(
√
p′
p
PN,i + 1)∏N
i=1 Γ(
√
p′
p
PN,i +
p′
p
)
×
N∑
m=1
Γ(
√
p′
p
PN,m +
p′
p
)Γ(
√
p′
p
Pm,N + 1− p′p )
∏N
j=1,j 6=m Γ(
√
p′
p
Pm,j + δm,k − δj,k)∏N
j=1 Γ(
√
p′
p
Pm,j + 1− p′p + δj,k + δm,k)
× eiπ
(√
p′
p
Pm,l− p
′
p
)(
x1
x2
)√ p′
p
Pm− p
′
p
+δm,k
NFN−1(~µ′m − δk,m~1− ~δk; ~̂ν
′
m − δk,m~1 + (1− δk,m)~δk|
x2
x1
).
(E.9)
F Thermal two-point function in Virasoro minimal
models
In this appendix, we study numerically the torus two-point function of (f , 0) with (f¯ , 0),
and its analytic continuation to Lorentzian signature, in the N = 2 case, i.e. Virasoro
minimal model. The result was first derived in [31], and is a special case of our formulae
for general N .
The formula in terms of summation over t channel conformal blocks in this case is
〈Ov1(z1, z¯1)Ov2(z2, z¯2)〉τ =
1
2
p−1∑
r=1
p′−1∑
s=1
[∣∣∣∣CrGtp′r−ps√
2pp′
(z1, z2|τ)
∣∣∣∣2 + ∣∣∣∣C−rGt−p′r+ps√
2pp′
(z1, z2|τ)
∣∣∣∣2
]
=
p−1∑
r=1
p′−1∑
s=1
∣∣∣∣CrGtp′r−ps√
2pp′
(z1, z2|τ)
∣∣∣∣2 .
(F.1)
The subscript of the conformal block Gtu, u = p
′r−ps√
2pp′
, is the charge associated with the
(r, s) primary in the t-channel, normalized such that the fundamental weight is 1√
2
.
The normalization factor Cr is given by
Cr = 1
Γ(1− p′
p
)
[
−γ(p
′
p
)γ(2(1− p
′
p
))
sin(π p
′
p
(r − 1))
sin(π p
′
p
r)
] 1
2
N−1r . (F.2)
We will also write Gtu as Gt(r,s). It is obtained from the free boson correlator by the
56
contour integral
Gt(r,s)(z1, z2|τ) =
∫
L(0,z1)
dtGbos(r,s)(z1, z2, t|τ),
Gbos(r,s)(z1, z2, t|τ) = Gbos(r,s)(z1, z2, t|τ)−Gbos(r,−s)(z1, z2, t|τ).
(F.3)
Gbos is given explicitly by
Gbos(r,s)(z1, z2, t|τ) =
1
η(τ)
(
θ1(z12|τ)
∂zθ1(0|τ)
) p′
2p
(
θ1(z1 − t|τ)
∂zθ1(0|τ)
)− p′
p
(
θ1(z2 − t|τ)
∂zθ1(0|τ)
)− p′
p
×
∞∑
n=−∞
q
pp′(p
′r−ps
2pp′
+n)2
exp
[
2πi(
p′r − ps
2p
+ p′n)(z1 + z2 − 2t)
]
.
(F.4)
In the explicit evaluation of the two-point function below, we will restrict to the special
case τ = iβ, z1 = 0, z2 = 1/2, and compute
Gt(r,s)
(
0,
1
2
|iβ). (F.5)
At positive integer values of time, t = m > 0, we have
〈Ov1(0, m)Ov2(
1
2
, 0)〉β =
p−1∑
r=1
p′−1∑
s=1
e2πim
p′
p
(−r+ 1
2
)
∣∣∣∣Gt(r,s)(0, 12 |iβ)
∣∣∣∣2 . (F.6)
The integral is evaluated numerically using the following contour, which is convenient
when the fractional powers of θ1(z|τ) in (F.4) is defined with a branch cut along the
positive real z axis.
z1
57
1 2 3 4 5 6 7 8 9 10
time
0.2
0.4
0.6
0.8
1
Figure 1: The modulus of the two-point function 〈O(0, t)O(0, 0)〉β (nor-
malized to 1 at t = 0) at inverse temperature β = 0.3 is plotted at integer
values of time t = 0, 1, 2, · · · , 10. The results for Virasoro minimal mod-
els with k = 1, 2, · · · , 14 are shown in colors ranging from red to green
and then to blue. For each k, the values of the modulus of the two-point
function at integer times before Poincare´ recurrence are connected with
straight lines, for the purpose of illustration only.
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Figure 2: The modulus of the two-point function 〈O(0, t)O(0, 0)〉β (nor-
malized to 1 at t = 0) at inverse temperature β = 0.3 is plotted at
integer values of time t = 0, 1, 2, · · · , 40, in Virasoro minimal models of
k = 10, 20, 30 (shown in red, green, and blue).
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Figure 3: Plots of the modulus of the two-point function
〈O(0, t)O(0, 0)〉β (normalized to 1 at t = 0) in the k = 4 Virasoro min-
imal model, at integer values of time t = 0, 1, · · · , 4 (connected with
fictitious straight lines for illustration only), at different values of the
temperature T = 1/β. T ranges from ∼ 0.05 to 20 (depicted in colors
ranging from blue to red), evenly spaced in logarithmic scale.
The results for minimal models up to k = 30 are plotted in Figures 1 and 2. At large
values of k, while the Poincare recurrence times is of order k, the two-point function
is already “thermalized” at t = 1.
We also plotted the two-point function at various temperatures, ranging from 0.05
to 20 (times the self-dual temperature), at integer times in the k = 4 Virasoro minimal
model, in Figure 3.
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